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Fig. 1. The cycle of cooperative location-aware networks: theoretical foundation and aspects to be considered for technology,

algorithms, and applications.

Cycle	  of	  coopera/ve	  loca/on-‐aware	  
networks	  

M. Z. Win, A. Conti, S. Mazuelas, Y. Shen, W. M. Gifford, D. Dardari, and M. Chiani, “Network localization and navigation 
via cooperation,” IEEE Commun. Mag., vol. 49, no. 5, pp. 56–62, May 2011. 

Coopera/ve	  Loca/on-‐Aware	  Networks	  
•  Problem:	  

–  Reliable	   and	   efficient	   localiza/on	   in	   harsh	   GPS-‐challenged	   environments	   with	  
limited	  infrastructures	  

–  Current	   noncoopera/ve	   techniques	   are	   inaccurate	   either	   due	   to	   limited	  
infrastructures	  (anchor-‐based)	  or	  velocity	  driS	  (iner/al-‐based)	  

•  Main	  idea:	  
–  Exploit	  spa/al	  and	  temporal	  coopera/on	  by	  harnessing	  inter-‐nodes	  (in	  space)	  and	  
intra-‐node	  (in	  /me)	  measurements	  to	  improve	  performance	  

•  Challenges	  
–  Complex	  informa/on	  behavior	  due	  to	  joint	  spa/al	  and	  temporal	  coopera/on	  
–  Efficient	  fusion	  of	  informa/on	  from	  various	  coopera/on	  modes	  
–  Accuracy	  and	  reliability	  in	  the	  presence	  of	  mobility	  and	  uncertainty	  

Goals: Cooperative Location-Aware Networks 
P  theoretical analysis for determination of fundamental performance limits; 
P  the design of practical algorithms that approach such ultimate limits; and 
P  experimentation, both for validation and for developing realistic statistical models 
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Outline	  
•  Part	  I:	  Founda>ons	  

–  Wideband	  Coopera/ve	  Localiza/on	  (S)	   ✓	  
–  Coopera/ve	  Network	  Naviga/on	  (S)	  	  ✓	  

•  Part	  II:	  Network	  Algorithms	  
–  Loca/on	  Inference	  and	  Observa/on	  Selec/on	  ✓	  
–  Network	  Message-‐Passing	  Algorithms	  (S)	  	  ✓	  
–  Belief	  Condensa/on	  Techniques	  (S)	  
–  Wideband	  Ranging	  	  ✓	  

•  Part	  III:	  Network	  Opera>ons	  
–  Non-‐coopera/ve	  Network	  Power	  Alloca/on	  
–  Coopera/ve	  Network	  Power	  Alloca/on	  	  
–  Sparsity	  Property	  of	  Localiza/on	  (S)	  ✓	  
–  Network	  Scheduling	  (S)	  

Outline	  
•  Part	  IV:	  Network	  Experimenta>ons	  

–  Channel	  Measurements	  (S)	  and	  Ranging	  	  ✓	  
–  Cooper/ve	  Localiza/on	  	  ✓	  
–  Diversity	  Naviga/on	  	  ✓	  

•  Part	  V:	  Example	  Applica>ons	  
–  Sensor	  Radar	  Networks	  	  ✓	  
–  Semipassive	  Tags	  ✓	  
–  RFID	  Systems	  

•  Concluding	  Remarks	  ✓	  

•  References	  	  ✓	  
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WIDEBAND	  COOPERATIVE	  
LOCALIZATION	  

Wideband	  Coopera-ve	  Localiza-on	  
•  High-‐accuracy	  loca-on-‐awareness	  is	  important	  for	  wireless	  applica-ons	  

•  Wideband	  transmission	  
–  Precise	  range	  measurements	  due	  to	  fine	  -me	  resolu-on	  
–  Robustness	  in	  dense,	  harsh	  environments	  
–  Simultaneous	  communica-on	  &	  ranging	  

•  Coopera-ve	  techniques	  
–  Measurements	  are	  made	  between	  agents	  
–  Agents	  jointly	  find	  spa-al	  topology	  of	  the	  network	  
–  Drama-c	  increase	  in	  coverage,	  accuracy,	  and	  	  
robustness,	  especially	  infrastructure	  is	  limited	  

•  Our	  contribu-ons:	  	  
–  Determine	  the	  fundamental	  limits	  of	  coopera-ve	  localiza-on	  accuracy	  
–  Introduce	  a	  geometric	  interpreta-on	  for	  the	  localiza-on	  informa-on	  

low	  accuracy	  

accuracy	  
improved	  

GPS	  signals	  



2 

Outline	  
•  Background	  

•  Problem	  formula-on	  

•  Performance	  bounds	  

•  Geometric	  Interpreta-on	  

•  Conclusion	  

Problem	  Formula-on	  
•  Coopera-ve	  Localiza-on	  Systems	  

Received	  	  
waveforms	  

Extract	  	  
signal	  metrics	  

JOINT	  esCmates	  	  
of	  agents’	  posiCons	  	  

PosiCons	  
of	  anchors	  

our	  work	   most	  previous	  work	  

Not	  fundamental	  –	  specific	  signal	  metric	  	  	  	  	  may	  
eliminate	  relevant	  localiza-on	  informa-on	  
inherent	  in	  the	  received	  waveforms	  

What	  are	  the	  fundamental	  limits	  of	  wideband	  coopera-ve	  localiza-on?	  

rij(t) d̂ij p̂k
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Problem	  Formula-on	  
•  2-‐D	  Network	  SeTng	  

–  	  	  	  	  	  	  	  agents	  (set	  	  	  	  	  	  	  ):	  posi-on	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  unknown	  
–  	  	  	  	  	  	  	  anchors	  (set	  	  	  	  	  	  	  ):	  posi-on	  

•  Measurement	  model	  
–  Received	  waveform	  at	  agent	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  from	  node	  

–  Rela-onship	  between	  delays	  and	  NLOS	  biases	  	  	  	  	  	  	  

known	  wideband	  waveform	  

amplitude	   delay	   white	  Gaussian	  noise	  

number	  of	  mul-path	  

speed	  of	  propaga-on	   posi-ve	  NLOS	  biases	  
(	  LOS	  signals,	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  )	  

NaNa

Nb Nb

pk = [xk yk ]T (k 2 Na)

pj = [xj yj ]T (j 2 Nb)

j 2 Na [Nb\{k}k 2 Na

rkj(t) =

LkjX

l=1

↵(l)
kj s

�
t� ⌧ (l)kj

�
+ zkj(t)

⌧ (l)kj =
1

c

⇥
kpk � pjk+ b(l)kj

⇤

b(1)kj = 0

Problem	  Formula-on	  
•  Parameters	  

–  Agents’	  posi-ons	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

–  Mul-path	  parameters	  	  	  	  	  	  	  	  	  for	  agent	  	  	  	  	  	  include	  
•  Biases	  by	  NLOS	  propaga-on	  	  
•  Mul-path	  amplitudes	  

•  Received	  signal	  vector	  
–  Received	  waveforms	  
–  Vector	  	  	  	  	  	  is	  composed	  by	  all	  the	  

•  Localiza-on	  problem:	  To	  es-mate	  	  	  	  	  	  	  based	  on	  observa-on	  	   	  	  

parameters	  of	  interest	  

For	  LOS	  signals	  	  	  	  	  
are	  eliminated	  

Karhunen-‐Loève	  expansion	  

✓ r

rkjrkj(t)

b(1)kj = 0

r rkj

✓ =
⇥
PT T

1 T
2 · · · T

Na

⇤T

P =
⇥
pT
1 pT

2 · · · pT
Na

⇤T

k k�
b(l)kj , j 2 Na [Nb

 
�
↵(l)
kj , j 2 Na [Nb
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Fisher	  Informa-on	  Matrix	  
•  Bayesian	  Fisher	  Informa-on	  Matrix	  (FIM)	  

•  Log	  joint	  probability	  func-on	  can	  be	  factorized	  as	  
	  
	  
	  
	  
	  
where	  	  	   	   	   	   	   	   	   	   	   	   	   	   	   	  is	  the	  likelihood	  of	  the	  measurement,	  and	  	  	   	   	   	   	   	   	   	   	   	   	   	   	  is	  the	  
condi-onal	  pdf	  of	  channel	  parameters	  	  	  	  	  	  	  	  .	  
	  

•  FIM	  decomposed	  as	  

anchor	   coopera-on	  

anchor	   coopera-on	  

ln f(r,✓) =
X

k2Na

X

j2Nb

h
ln f(rkj |✓) + ln f(kj |P)

i
+

X

k2Na

X

j2Na\{k}

h
ln f(rkj |✓) + ln f(kj |P)

i

f(kj |P)

kj

f(rkj |✓)

J✓ = Er,✓

⇢
� @2

@✓@✓T ln f(r,✓)

�

J✓ = JA
✓ + JC

✓

Performance	  Metric	  
•  Squared	  posi-on	  error	  bound	  (SPEB)	  

–  Metric	  of	  localiza-on	  accuracy	  
–  Hybrid	  Cramer-‐Rao	  bound	  	  
	  	  
	  
	  
	  

–  	  	  	  	  	  	  	  	  	  	  	  	  	  denotes	  the	  square	  submatrix	  on	  the	  diagonal	  of	  	  	  	  	  	  	  	  	  	  corresponding	  	  to	  	  	  	  	  	  	  	  
–  Mean	  squared	  posi-on	  error	  of	  agent	  
	  
	  
where	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  a	  	  	  	  	  	  	  	  	  	  	  	  	  submatrix	  on	  the	  diagonal	  of	  	  	  	  	  	  	  	  	  

•  SPEB	  is	  defined	  as	  

✓ =
⇥
PT T

1 T
2 · · · T

Na

⇤T
multipath parameters 

Er,✓

n

(✓̂ � ✓)(✓̂ � ✓)T
o

⌫ J�1
✓

Er,✓

n

(P̂�P)(P̂�P)T
o

⌫
⇥

J�1
✓

⇤

P

⇥
J�1
✓

⇤
P PJ�1

✓

k

⇥
J�1
✓

⇤
pk

2⇥ 2 J�1
✓

P(pk) := tr
� ⇥

J�1
✓

⇤
pk

 
J�1
✓

Er,✓

�
kp̂k � pkk2

 
� tr

� ⇥
J�1
✓

⇤
pk

 
= P(pk)
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Equivalent	  Fisher	  Informa-on	  
•  Remarks:	  

–  FIM	  	  	  	  	  	  	  	  is	  a	  matrix	  of	  high	  dimensions;	  however,	  for	  	  
SPEB	  evalua-on	  only	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  of	  interest	  

–  Use	  Schur’s	  complement	  to	  reduce	  the	  dimension	  of	  the	  FIM	  

•  Equivalent	  Fisher	  informa-on	  matrix	  (EFIM)	  

–  Original	  FIM	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  for	  

	  	  
–  EFIM	  

–  It	  retains	  all	  necessary	  informa-on	  to	  derive	  the	  	  
informa-on	  inequality	  for	  	  	  	  	  	  	  	  	  

inverse 

inverse 

J✓ ⇥
J�1
✓

⇤
P

J✓ =


A B
B† C

�
✓ =


✓1

✓2

�

Je(✓1) := A�BC�1BT

✓1

J�1
✓

Je

J✓

A B

BT C

Outline	  
•  Background	  

•  Problem	  formula-on	  

•  Performance	  bounds	  

•  Geometric	  Interpreta-on	  

•  Conclusion	  
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EFIM	  for	  Coopera-ve	  Localiza-on	  
•  Result:	  When	  prior	   knowledge	   of	   the	   agents’	   posi-on	   is	   not	   available,	   the	  
EFIM	  for	  the	  agents’	  posi-ons	  is	  a	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  matrix:	  	  

	  where	  	  	  	  	  	  	  and	  	  	  	  	  	  are	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  matrices	  that	  characterize	  the	  contribu-on	  
from	  anchors	  and	  coopera-on,	  respec-vely,	  

	  

	  

	  

	  

FIM: EFIM: 

Ranging	  informa-on	  

2Na ⇥ 2Na

J✓ = JA
✓ + JC

✓ Je(P) = JA
e + JC

e

JA
e JC

e 2Na ⇥ 2Na

JA
e (pk) =

X

j2Nb

�kj · Jr(�k,j)

Ck,j = Cj,k = (�kj + �jk) · Jr(�k,j)

JC
e =

2

66666664

P
j2Na\{1}

C1,j �C1,2 · · · �C1,Na

�C1,2
P

j2Na\{2}
C2,j �C2,Na

...
. . .

�C1,Na �C2,Na

P
j2Na\{Na}

CNa,j

3

77777775

JA
e =

2

6664

JA
e (p1)

JA
e (p2)

. . .
JA
e (pNa)

3

7775

Ranging	  Informa-on	  
•  EFIM	  from	  anchors	  to	  agent	  	  

–  Canonical	  form:	  weighted	  sum	  of	  RDM	  from	  individual	  anchors	  
–  Each	  anchor	  provides	  “one-‐dimensional”	  informa-on	  since	  RDM	  has	  rank	  1	  

Geometric	  Interpreta-on	  

sum	  over	  anchors	  

	  	   	  	  

RII	  

	  	  

RDM	  

JA
e (pk) =

�

j�Nb

�k,j · Jr(⇥k,j)

�kj

�kj

Gk

Aj

k
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Ranging	  Informa-on	  Intensity	  
•  Result:	  When	   channel	   knowledge	   is	   not	   available,	   the	   RII	   of	   LOS	   signals	   is	  
determined	  by	  the	  first	  con-guous-‐cluster	  of	  the	  signals:	  	  

–  Special	  case:	  if	  the	  first	  path	  is	  resolvable	  then	  

first	  con-guous-‐cluster	   not	  useful	  	  

1st	  path	  
not	  overlap	  

LOS	  signal	  

SNR	  of	  the	  first	  path	  

not	  overlap	  

	  	  not	  useful	  

LOS	  signal	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  path-‐overlap	  coefficient:	  
determined	  ONLY	  by	  the	  NLOS	  biases	  
�kj 2 [ 0, 1 ]

effec-ve	  bandwidth	  

	  	  	  

� = (
R
f2 · S(f)2df)1/2

�kj =
8⇡2�2

c2
(1� �kj) · SNR(1)

kj

�kj =
8⇡2�2

c2
· SNR(1)

kj (�kj = 0 )

Outline	  
•  Background	  

•  Problem	  formula-on	  

•  Performance	  bounds	  

•  Geometric	  Interpreta-on	  

•  Conclusion	  
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Geometric	  Interpreta-on	  
•  Informa-on	  Ellipse	  of	  EFIM	  

–  Eigen-‐decomposi-on	  
	  
	  

	  
–  Set	  of	  points	  

•  Ellipse	  evolu-on:	  	  
–  	  	  
–  RI	  can	  be	  viewed	  as	  a	  degenerate	  	  
informa-on	  ellipse	  

Je(p) = U#


µ 0
0 ⌘

�
UT

# U# =


cos# � sin#
sin# cos#

�

p
µ,

p
⌘, #

�
y 2 R2 : y† J�1

e y = 1
 

Geometric	  Interpreta-on	  
•  Two-‐agent	  coopera-on	  with	  

–  EFIM	  for	  agent	  1	  
	  
	  
where	  

–  Effec-ve	  intensity	  
–  Agent	  -‐>	  anchor	  when	  projected	  error	  diminishes	  

•  More	  agents	  in	  coopera-on	  

	  

S12 = �12 Jr(�12)

Je(x1) = J

A
e (x1) + ⇠12 S12

projected	  posi-on	  error	  

	  	  
⇠12 =

1

1 + �12 u
†
�12

⇥
J

A
e (x2)

⇤�1
u

†
�12

S12

⇠12 �12
Agent	  1	  

Agent	  2	  

J

A
e (x2)

J

A
e (x1)

�12

⇠12 �12 (⇠12  1)

Je(xk) ⇡ J

A
e (xk) +

X

j2Na\{k}

⇠kj Skj
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Geometric	  Interpreta-on	  
•  Result:	  The	  SPEB	  is	  coordinate	  system	  independent.	  
	  
	  
	  
where	  	  	  	  	  	  is	  the	  agent’s	  posi-on	  in	  the	  new	  coordinate	  system	  that	  is	  rotated	  
by	  	  	  	  	  	  .	  
–  Remark:	  The	  localiza-on	  informa-on	  is	  decoupled	  in	  the	  new	  coordinate	  system.	  

	  

•  Result:	  An	  agent	  has	  EFIM	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  and	  corresponding	  SPEB	  	  	  	  	  	  	  	  	  	  If	  
the	  agent	  obtains	  RI	   	   	   	   	   	   	   	   	   	   	   from	  a	  new	  anchor,	   then	   the	  agent's	   SPEB	  
becomes	  

–  Minimum	  SPEB	  for	  a	  fixed	  RII	  is	  

P(p) = P(p⇤) = tr

(
µ 0
0 ⌘

��1
)

=
1

µ
+

1

⌘

p⇤

#

�

⌫

Je(p) = F(µ, ⌘,#) P(p)

F(⌫, 0,�)

P̃(p) =
1

µ̃
+

1

⌘̃
=

µ+ ⌘ + ⌫

µ⌘ + ⌫
⇥
⌘ + (µ� ⌘) sin2(�� #)

⇤

min
�

P̃(p) =
µ+ ⌘ + ⌫

µ(⌘ + ⌫)
� = #± ⇡/2

Geometric	  Interpreta-on	  

Comment:	  
	  
•  Coopera-ve	   informa-on	   for	  
localiza-on	  is	  coupled	  

•  	  	  	  	  	  	  	  	  	  	  cannot	  to	  be	  fully	  u-lized	  
•  The	  strength	  is	  weighed	  by	  	  

Overall	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  　EFIM	  

Ellipses	  denote	  localiza-on	  informa-on.	  

2Na ⇥ 2Na Je(P) = JA
e + JC

e

⌫k,m

�km 2 [ 0, 1 ]

�m,1

�m,4

�m,3

⌫k,m

⌫k,m

�k,3

�k,2

�k,1

A1

A2

A3

A4

Gk

Gm



10 

Numerical	  Example	  
•  Agents	  randomly	  locate	  in	  an	  area	  of	  20	  m	  by	  20	  m	  
•  Two	  set	  of	  anchor	  deployments	  (red/magenta)	  
•  SPEB	  decreases	  at	  the	  rate	  of	  the	  number	  of	  agents	  

Outline	  
•  Background	  

•  Problem	  formula-on	  

•  Performance	  bounds	  

•  Geometric	  Interpreta-on	  

•  Conclusion	  
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Conclusion	  
•  Developed	   a	   framework	   to	   study	   wideband	   coopera-ve	   opportunis-c	  
loca-on-‐aware	  networks,	  and	  determined	  their	  localiza-on	  accuracy	  

•  Introduced	   the	   no-ons	   of	   equivalent	   Fisher	   informa-on	   and	   ranging	  
informa-on,	  and	  unified	  the	  localiza-on	  informa-on	  from	  anchors	  and	  that	  
from	  agents	  in	  a	  canonical	  form	  

•  Provided	   a	   geometric	   interpreta-on	   of	   the	   localiza-on	   informa-on	   in	  
coopera-ve	   networks,	   and	   used	   informa-on	   ellipse	   for	   localiza-on	  
informa-on	  to	  characterize	  the	  coopera-on	  benefits	  
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BACKUP	  SLIDES	  

Ranging	  Informa-on	  
•  Ranging	  Informa-on	  

–  Basic	  building	  block	  of	  the	  EFIM	  
–  Defini-on:	  a	  	  	  	  	  	  	  	  	  	  	  	  	  	  matrix	  of	  the	  form	  
–  	  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  called	  the	  ranging	  informa-on	  intensity	  (RII)	  	  
–  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  called	  the	  ranging	  direc-on	  matrix	  (RDM),	  given	  by	  
	  
	  
	  
where	  	  

–  The	   RDM	   is	   one-‐dimensional	   along	   the	   direc-on	   of	   	   	   ,	   exactly	   one	   non-‐zero	  
eigenvalue	  equal	  to	  	  1	  	  	  with	  corresponding	  eigenvector	  

2⇥ 2 � · Jr(�)

� 2 R+

Jr(�)

Jr(�) := u(�)u(�)T =


cos

2 � cos� sin�
cos� sin� sin

2 �

�

u(�) = [ cos� sin� ]

T

�

u(�) = [ cos� sin� ]

T



13 

Geometric	  Interpreta-on	  
•  Informa-on	  Ellipse	  –	  EFIM	  

–  Eigen-‐decomposi-on	  

–  Set	  of	  points	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  sa-sfying	  
	  	  

x 2 R2
x

T
Jex = 1

Je(p) = U#


µ 0
0 ⌘

�
UT

#

x1

x2

x

⇤
2

x

⇤
1



COOPERATIVE	  NETWORK	  
NAVIGATION	  

Network	  Naviga-on	  
•  Challenges	  in	  wireless	  localiza-on	  

–  GPS-‐challenged	  and	  dynamic	  environments	  
–  High	  accuracy	  and	  reliability	  	  
–  Time-‐cri-cal	  opera-on	  and	  resource	  constraints	  
–  Heterogeneous	  informa-on	  fusion	  

Agent	  1	  

Agent	  2	  

Agent	  3	  

Time	  1	   Time	  2	   Time	  3	  



Network	  Naviga-on	  
•  Network	  naviga-on:	  exploit	  both	  spa-al	  and	  temporal	  coopera-on	  	  

–  Spa-al	  coopera-on:	  inter-‐node	  measurements	  (e.g.,	  ranges)	  
–  Temporal	  coopera-on:	  intra-‐node	  measurements	  (e.g.,	  accelera-ons)	  
–  Drama-c	  increase	  in	  coverage,	  accuracy,	  and	  robustness	  

•  Contribu-ons	  
–  develop	  a	  theore-cal	  framework	  for	  network	  naviga-on	  
–  characterize	  the	  informa-on	  behavior	  and	  benefit	  of	  joint	  coopera-on	  

Outline	  
•  Background	  

•  System	  Model	  

•  EFIM	  for	  Network	  Naviga-on	  

•  Naviga-on	  Informa-on	  Evolu-on	  

•  Numerical	  Example	  

•  Conclusion	  



System	  Model	  
•  Network	  model	  

–  	  	  	  	  	  	  	  agents	  and	  	  	  	  	  	  	  	  	  anchors	  
–  Discrete	  -me	  instants	  
–  Node	  posi-onal	  state	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

•  Measurements	  
–  Inter-‐node:	  	  	  	  	  	  	  	  	  	  with	  parameter	  	  	  	  	  	  	  	  	  	  (e.g.,	  wireless	  channel)	  	  
–  Intra-‐node:	  	  	  	  	  	  	  	  	  	  with	  parameter	  	  	  	  	  	  	  	  	  	  (e.g.,	  clock	  driU)	  

•  Parameters	  

•  Likelihood	  func-on	  

n 2 {1, 2, . . . , N}
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Localiza-on	  Performance	  Metric	  
•  Loca-on	  inference	  from	  inter-‐node	  and	  intra-‐node	  measurements	  

–  Performance	  bound	  for	  posi-onal	  errors	  

–  Fisher	  informa-on	  matrix	  (FIM)	  for	  

–  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  :	  square	  submatrix	  on	  the	  diagonal	  corresp.	  to	  	  	  	  	  	  	  	  	  	  	  

•  Equivalent	  Fisher	  informa-on	  

–  Original	  FIM	   	   	   	   	  	  for	  parameter	  	  

–  EFIM	  

–  Reduce	  the	  matrix	  dimension	  without	  loss	  of	  relevant	  informa-on	  
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Outline	  
•  Background	  

•  System	  Model	  

•  EFIM	  for	  Network	  Naviga-on	  

•  Naviga-on	  Informa-on	  Evolu-on	  

•  Numerical	  Example	  

•  Conclusion	  

EFIM	  for	  Network	  Naviga-on	  
•  Theorem:	  The	  EFIM	  for	  the	  agents’	  posi-ons	   	   	   	   	   	   	   	   	   	   	   	   	   	   	  from	  -me	   	   	   	  to	   	   	   	   	  is	  
given	  by	  

–  	  	  	  	  	  	  	  	  	  	  	  is	  the	  EFIM	  corresponding	  to	  spa-al	  coopera-on	  
	  
	  
in	  which	  

–  Remarks:	  
•  	  	  	  	  	  	  	  	  	  	  	  	  	  	  has	  block-‐diagonal	  structure	  due	  to	  independence	  in	  -me	  
•  Each	  component	  	  	  	  	  	  	  	  	  	  	  	  	  	  associated	  with	  inter-‐node	  measurement	  
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EFIM	  for	  Network	  Naviga-on	  
•  Theorem:	  (cont’)	  

–  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  the	  EFIM	  corresponding	  to	  temporal	  coopera-on	  
	  
	  
	  
	  
	  
	  
	  
in	  which	  

–  Remarks	  
•  	  	  	  	  	  	  	  	  	  	  	  	  	  has	  block	  tri-‐diagonal	  structure	  
•  	  	  	  	  	  	  	  	  	  	  	  	  	  has	  	  block-‐diagonal	  structure	  
•  Each	  component	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  associated	  with	  intra-‐node	  measurement	  
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Building	  Blocks	  
•  Spa-al	  measurement	  (inter-‐node	  distance)	  

–  	  	  	  	  	  	  	  	  	  	  is	  the	  ranging	  informa-on	  intensity	  
–  Example:	  wideband	  transmission	  
	  
	  
	  
	  

•  Temporal	  measurement	  (intra-‐node	  velocity)	  

–  	  	  	  	  	  	  	  	  	  and	  	  	  	  	  	  	  	  	  	  	  are	  the	  amplitude	  and	  direc-on	  informa-on	  intensi-es	  
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Spa-al	  and	  Temporal	  Coopera-on	  

Fisher Information Matrix Bayesian Network 

Fundamental Limits Inference Algorithms 

Cooperation in Space and Time  
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Naviga-on	  Informa-on	  Evolu-on	  
•  Filtering	  applica-on:	  to	  infer	  the	  state	  at	  -me	   	   	   	   	   	  based	  on	  the	  observa-ons	  
up	  to	  -me	  	  	  	  	  	  ;	  the	  performance	  is	  characterized	  by	  

•  The	  block-‐tri-‐diagonal	  structure	  of	  the	  EFIM	   	   	   	   	   	   	   	   	   	   	   	   	   	   	  allows	  to	  derive	  the	  
EFIM	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  through	  a	  recursion	  
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Naviga-on	  Informa-on	  Evolu-on	  
•  Proposi8on:	  	  The	  carry-‐over	  informa-on	  can	  be	  recursively	  obtained	  as	  
	  
	  
with	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

•  The	  spa-al	  coopera-on	   	   	   	   	   	   	   	   	   is	  highly-‐coupled	   inference,	   i.e.,	  the	  agents’	  
posi-ons	  aUer	  spa-al	  coopera-on	  are	  correlated	  

•  In	  distributed	  networks,	   each	   agent	   only	   obtains	   its	   own	  posi-on	   es-mate	  
aUer	  spa-al	  coopera-on;	  the	  accuracy	  of	  each	  agent	   is	  characterized	  by	   its	  
individual	  EFIM	  
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⌘�1
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Naviga-on	  Informa-on	  Evolu-on	  
•  Under	  the	  distributed	  condi-on,	  ignoring	  spa-al	  coupling	  
	  
	  
	  
	  
	  
	  

•  Proposi8on:	   The	   carry-‐over	   informa-on	   in	   distributed	   networks	   can	   be	  
approximated	  as	  	  
	  
where	  

Individual	  EFIM	  aUer	  spa-al	  coop.	  

S(n�1) + eT(n�1)

eS(n�1)
k =

nh

�

S(n�1) + eT(n�1)
��1

i

x

(n�1)
k

o�1

eT(n) = diag
n

eT(n)
1 , eT(n)

2 , . . . , eT(n)
Na

o

eT(n)
k = T(n)

k �T(n)
k

�eS(n�1)
k +T(n)

k

��1
T(n)

k

Geometric	  Interpreta-on:	  Spa-al	  
•  EFIM	  from	  anchors	  to	  agent	  	  	  	  	  	  

	  	  

•  Informa-on	  ellipse	  

•  Two-‐agent	  coopera-on	  with	  
–  EFIM	  for	  agent	  1	  
	  
	  
where	  

–  Effec-ve	  intensity	  

•  More	  agents	  in	  coopera-on	  

	  

k

�
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Geometric	  Interpreta-on:	  Temporal	  
•  Carry-‐over	  informa-on	  for	  individual	  agent	  	  

–  “Harmonic	   mean”	   of	   the	   informa-on	   from	   previous	   -me	   and	   from	   intra-‐node	  
measurement	  

•  Effec-ve	  informa-on	  
–  	       	  	  	  with	  equality	  
–  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  with	  equality	  	  	  

•  Intra-‐node	  measurement	  is	  speed	  
then	  

eT � T S ! diag{1,1}

Time	  1	  

Time	  2	  
 

eT = ⇠2 T

⇠2 = (1 + �u†
 S�1 u )

�1

T = �Jr( )

eT(n)
k = T(n)

k �T(n)
k

�eS(n�1)
k +T(n)

k

��1
T(n)

k

eT � S T ! diag{1,1}

=
⇥ � eS(n�1)

k

��1
+

�
T(n)

k

��1⇤�1

eS(n�1)
k

T(n)
k

Informa-on	  Evolu-on	  
•  Spa-al	  coopera-on	  

–  Informa-on	  increases	  in	  the	  direc-on	  connec-ng	  the	  agents	  
–  Coopera-ve	  informa-on	  degrades	  due	  to	  posi-on	  uncertainty	  

•  Temporal	  coopera-on	  
–  Combina-on	  of	  measurement	  informa-on	  and	  previous	  localiza-on	  informa-on	  

Time n-1 Time n 
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Numerical	  Example	  
•  Agents	  placed	  randomly	  in	  a	  20	  m	  by	  20	  m	  area	  and	  follow	  random	  walks	  

•  Anchors	  provide	  a	  localiza-on	  accuracy	  of	  2	  m2	  

•  Inter-‐	  and	  intra-‐node	  distance	  error	  variances	  are	  0.2	  m2	  
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•  Numerical	  Example	  
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Conclusion	  
•  Established	   a	   framework	   for	   network	   naviga-on	   to	   determine	   the	  
fundamental	  limits	  of	  naviga-on	  accuracy	  

•  Derived	  the	  naviga/on	  informa/on	  by	  the	  EFI	  analysis,	  and	  showed	  that	  
–  it	  can	  be	  decomposed	  as	  the	  sum	  of	  the	  informa-on	  corresponding	  to	  spa-al	  and	  
temporal	  coopera-on	  

–  each	  part	  can	  be	  further	  decomposed	   into	  basic	  building	  blocks	  associated	  with	  
each	  measurement	  

•  Introduced	   the	   no-on	   of	   carry-‐over	   informa-on,	   and	   characterized	   the	  
informa-on	   evolu-on	   and	   coopera-on	   benefit	   in	   distributed	   naviga-on	  
networks	  
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1	  

LOCATION	  INFERENCE	  AND	  
OBSERVATION	  SELECTION	  

	  	  

Loca'on	  inference	  

Observa'on	  
Space	  

Loca'on	  
Es'mator	  

Prior	  
Informa'on	  

Measurements	  

Loca'on	  Es'mate	  

The	  purpose	  of	  loca'on-‐aware	  networks	  is	  to	  determine	  the	  unknown	  posi'ons	  of	  
agents	  based	  on	  intra-‐node	  and	  inter-‐node	  measurements	  (e.g.,	  IMU	  and	  RMU)	  
and	  prior	  informa'on	  (e.g.,	  environment	  and	  mobility)	  
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Cycle	  of	  coopera've	  loca'on-‐aware	  networks	  

M.Z.Win	  et	  al.,	  “Network	  Localiza6on	  and	  Naviga6on	  via	  Coopera6on,”	  IEEE	  Communica6ons	  Magazine,	  May	  2011	  
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Fig. 1. The cycle of cooperative location-aware networks: theoretical foundation and aspects to be considered for technology,

algorithms, and applications.

Classifica'on	  
•  Anchor-‐based:	  some	  nodes	  in	  known	  posi'on	  (anchors/beacons);	  targets/

agents	   es'mate	   their	   posi'on	   through	   measures	   with	   anchors	   (direct/
single-‐hop,	  indirect/mul'-‐hop)	  and	  other	  agents	  (coopera'on)	  

	  
•  Anchor-‐free:	  all	  nodes	  in	  unknown	  posi'on,	  only	  rela've	  coordinates	  can	  

be	  obtained	  

Depending	  on	  the	  type	  of	  measurements	  used…	  
	  
Range-‐based	   	   	   	  Angle-‐based 	   	   	  Proximity-‐based	  
	  
	  	  
	  
…	  and	  others	  like	  scene-‐based,	  op'cal,	  iner'al,	  etc.	  	  
	  
	  
	  



3	  

Classifica'on	  based	  on	  technology	  

5-50 m 5-10 m 0.5 - 5 m  beyond  30 m 

Satellite (GPS/Galileo) WLAN WSN/RFID  Cellular 

 Global  Regional Local 

T ech n o l o g y M ea su r em en t t ech n i q u e A c c u r a c y P r o s C on s

G P S T D O A 1 0 -‐ 2 0m E a r t h s c a l e c ov er a g e E x p en s i v e i n f r a s t r u c t u r e, O n l y o u t d o o r

G a l i l eo T D O A 1 -‐5m E a r t h s c a l e c ov er a g e E x p en s i v e i n f r a s t r u c t u r e, O n l y o u t d o o r

A -‐G N S S T D O A < 5m C ou n t r y c ov er a g e S c a r c e i n d o o r a c c u r a c y

C el l u l a r E -‐O T D / O T D O A 5 0 -‐ 5 0 0m C ou n t r y c ov er a g e R eq u i r es s y n ch r o n i z ed b a se s t a t i o n s

C el l u l a r C el l I D C el l s i z e C ou n t r y c ov er a g e S c a r c e a c c u r a c y

W L A N R S S -‐ F i n g er p r i n t i n g 1 -‐ 5m I n d o o r c ov er a g e, l ow c o s t D a t a b a se r eq u i r ed fo r ¯ˉ n g er p r i n t i n g , l ow a c c u r a c y

W S N ( Z i g B ee) R S S 1 -‐ 1 0m I n d o o r c ov er a g e, L ow p ow er c on su m p t i o n , l ow c o s t l ow a c c u r a c y

W S N ( U W B ) T O A / T D O A / A O A 0 .1 -‐ 1m I n d o o r c ov er a g e, H i g h a c c u r a c y S h o r t r a n g e ( <2 0m ) , p r o b l em s i n N L O S c on d i t i o n s

R F I D P r ox im i t y C on n ec t i v i t y r a n g e I n d o o r c ov er a g e, l ow p ow er c on su m p t i o n , l ow c o s t l ow a c c u r a c y , o n e t a g p er l o c a t i o n

N F R e.m . n ea r -‐ ¯ˉ el d ch a r a c t er i s t i c s 1 -‐ 5m I n d o o r c ov er a g e, l ow c o s t l ow fr eq u en c y , l a r g e a n t en n a s

I N S A c c el er a t i o n / A n g u l a r r a t e/ E a r t h m a g n et i c ¯ˉ e l d 1 -‐ 5% o f t h e t r a v e l ed d i s t a n c e/ a n g l e W o r k s ev er y w h er e p o s i t i o n / o r i en t a t i o n d r i f t , m a g n et i c d i s t u r b a n c e i n i n d o o r

.

•  None	  of	  the	  technologies	  can	  guarantee	  global	  coverage	  and	  high-‐accuracy	  
•  Integra'on	  for	  seamless	  localiza'on	  
•  UWB-‐based	  localiza'on	  (submetric	  localiza'on)	  

UWB-‐based	  localiza'on	  
•  UWB	   technology	   offers	   the	   poten'al	   of	   achieving	   this	   high	   ranging	  
accuracy	   through	  TOA	  measurements	  also	   in	  harsh	  environments	  due	   to	  
its	  ability	  to	  resolve	  mul'path	  and	  penetrate	  obstacles.	  

	  

	  

	  

	  

	  

	  

	  

•  UWB	  with	  low	  complexity,	  cost	  and	  size	  

•  Existence	  of	  standards	  IEEE802.15.4a	  and	  4f:	  	  
with	  ranging	  accuracy	  

M.	  Z.	  Win	  and	  R.	  A.	  Scholtz,	  “On	  the	  energy	  capture	  of	  ultra-‐wide	  bandwidth	  signals	  in	  dense	  mul6path	  environments,“	  IEEE	  Commun.	  
LeN.,	  Sep.	  1998	  -‐	  S.	  Gezici	  et	  al.,	  “Localiza6on	  via	  ultra-‐wideband	  radios:	  A	  look	  at	  posi6oning	  aspects	  for	  future	  sensor	  networks,”	  IEEE	  
Signal	  Process.	  Mag.,	  Jul.	  2005.	  	  

121Ultrawide Bandwidth Radio Frequency Identification and Localization

alternative PHY layer [20,28], and for the standard proposal IEEE 802.15.4f related 
to RTLS [16], as will be detailed in Section 6.4.3.

As said, in IR-UWB the information is encoded using pulses. Typically, the 
adopted pulse p(t) is derived by the Gaussian pulse ( )= − π τp t t( ) exp 2 ( / )0

2
p
2  and its 

derivatives due to its smallest possible time-bandwidth product, which maximizes 
range-rate resolution and is readily available from antenna pattern. Alternatively, 
the IEEE 802.15.4a standard suggests the following band-pass pulse with center fre-
quency f0 and root raised cosine (RRC) envelope [28]:

 
( ) ( )

= ν
π τ

+ ν π τ +
− ν π τ
ν τ

− ν τ
πp t

t
t

t
t

f t( )
4 2

cos (1 ) /
sin (1 ) /

4 /
1 (4 / )

cos(2 )
p

p
p

p

p
2 0  (6.1)

where parameter τp and roll-off factor ν determine the bandwidth W = (1 + ν)/τp.*

In Figure 6.1 the sixth derivative of the Gaussian pulse with τp = 0.192 ns is shown 
in the frequency domain. It can be noted that this pulse is compliant with the FCC 

* Two different values of tp are recommended [28]: tp = 1 ns and tp = 3.2 ns with ν = 0.6, corresponding 
to two different bandwidths, W = 1.6 GHz and W = 500 MHz, respectively.

TABLE 6.1
Worldwide UWB Emission Masks

Band EIRP Mitigation technique

China
4.2–4.8 GHz –41.3 dBm/MHz DAA
6.3–8.9 GHz –41.3 dBm/MHz No mitigation

Europe
3.1–4.8 GHz –41.3 dBm/MHz LDC or DAA
2.7–3.4 GHz –70 dBm/MHz No mitigation
3.4–3.8 GHz –80 dBm/MHz No mitigation
3.4–6 GHz –70 dBm/MHz No mitigation
6–8.5 GHz –41.3 dBm/MHz No mitigation
8.5–9 GHz –41.3 dBm/MHz DAA

Japan
3.4–4.8 GHz –41.3 dBm/MHz DAA
4.8–7.25 GHz –70 dBm/MHz No mitigation

7.25–10.25 GHz –41.3 dBm/MHz No mitigation

Korea
3.1–4.8 GHz –41.3 dBm/MHz LDC or DAA

7.25–10.25 GHz –41.3 dBm/MHz No mitigation

United States
3.1–10.6 GHz –41.3 dBm/MHz No mitigation

K14648.indb   121 10/1/12   10:04 AM
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Ingredients	  for	  localiza'on-‐awareness	  

Algorithms	  

Technologies	  

Posi'on-‐Based	  Applica'ons	  

RSSI,	  ToA,	  TDoA,	  AoA,	  …	  

Robust	  
w/o	  memory	  
Range-‐,	  angle-‐,	  proximity-‐based	  
w/o	  coopera'on	  

Error	  sources	  
Uncertainty	  

Localiza'on	  requirements	  
Accuracy: 	  (e.g.,	  Root	  Mean	  Squared	  Error	  of	  loca'on	  es'ma'on	  averaged	  
in	  space	  and	  'me).	  Localiza'on	  error	  
	  
Outage: 	  frac'on	  of	  'mes	  for	  which	  the	  target	  precision	  is	  not	  reached.	  
Localiza'on	  error	  outage	  (LEO)	  probability*	  
	  
Refresh	  rate,	  Robustness,	  Coverage	  

The	  chosen	  technology/algorithm	  should	  sa'sfy	  all	  and	  it	  is	  environment	  
dependent	  (e.g.,	  indoor/	  outdoor,	  office,	  home,	  open-‐space,…)	  

Design:	  which	  nodes’	  density	  is	  required	  to	  reach	  a	  target	  performance	  
(accuracy,	  outage,	  refresh-‐rate)	  in	  different	  kinds	  of	  environments?	  

*The concept of LEO is driven by that of bit error outage (BEO) in communications, A.Conti et al., “Bit error outage for 
diversity reception in shadowing environment,” IEEE Comm. Lett., Jan. 2003  

e(p) = ||p̂� p||

Po = P {e(p) > eth}
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Loca'on	  es'ma'on	  
•  To	  determine	  the	  loca'on	  of	  objects	  based	  on	  observa'ons	  (i.e.,	  
measurements)	  is	  a	  “classical”	  es'ma'on	  problem	  

	  
•  Several	  approaches	  for	  the	  es'ma'on	  of	  state/parameter	  	  	  	  from	  
observa'on	  	  	  	  	  affected	  by	  noise	  are	  applicable	  to	  localiza'on	  	  

–  	   unknown	   determinis'c:	   Non-‐Bayesian	   Es'ma'on	   (e.g.,	   least	  
square,	  maximum	  likelihood)	  

–  	   	   unknown	   RV:	   Bayesian	   Es'ma'on	   (e.g.,	  minimum	  mean	   square	  
error,	  maximum	  a	  posteriori)	  

– Approximate	  Inference	  (e.g.,	  based	  on	  Kullback-‐Leibler	  divergence)	  

X
Z

X

X

Naviga'on	  and	  Localiza'on	  algorithms	  

•  Beliefs	  evolu'on	  in	  Bayesian	  inference	  

	  

State	  vector	  at	  'me	  t	  

Intra-‐	  &	  inter-‐node	  meas.	  From	  'me	  1	  to	  t-‐1	  
Mobility	  model	  

Intra-‐	  &	  inter-‐node	  measurement	  model	  at	  'me	  t	  

The	  quality	  of	  range	  informa'on	  affects	  the	  localiza'on	  accuracy	  depending	  on	  network	  
intrinsic	  proper'es,	  signal	  features,	  and	  signal	  processing	  techniques	  	  

f(x(t)|z(1:t�1)) =

Z
f(x(t�1)|z(1:t�1)) f(x(t)|x(t�1)) dx(t�1)

f(x(t)|z(1:t)) / f(x(t)|z(1:t�1))f(z(t)|x(t))

f(z(t)|x(t)) = f(z(t)
intra|x

(t)) f(z(t)
inter|x

(t))

(i)	  predic'on:	  

(ii)	  correc'on:	  
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Inference	  through	  Factor	  Graph	  
If	   	   	  	   	   	   	   can	  be	   factorized	  and	   then	  described	   through	   factor	  
graphs	  and	  message	  passing	  algorithms	  (e.g.,	  sum-‐product)	  

	  
	  
	  
	  
	  
	  
	  
	  
	  
	  

	  

H.	  Wymeersch,	  J.Lien,	  M.Win,	  “Coopera6ve	  Localiza6on	  in	  Wireless	  Networks,“	  Proceedings	  of	  the	  IEEE,	  Feb.	  2009	  

fX|Z(x|z)

From	  theore'cal	  limits	  

The	   performance	   of	   network	   localiza'on	   and	   naviga'on	   depends	  
mainly	  on	  two	  factors:	  	  
•  the	  geometric	  configura'on	  of	  the	  system,	  and	  	  
•  the	  quality	  of	  the	  waveform	  and	  range	  measurements	  

The	  characteriza'on	  of	  each	  possible	   link,	  by	  means	  of	   ranging	  and	  
waveform	   measurements,	   enables	   the	   system	   designer	   to	  
understand	  how	  to	  	  
•  harness	  environmental	  knowledge,	  	  
•  iden'fy	  LOS	  and	  NLOS	  condi'ons,	  	  
•  take	  advantage	  of	  coopera'on,	  and	  	  
•  choose	  coopera'ng	  nodes.	  

M.Z.Win	  et	  al.,	  “Network	  Localiza6on	  and	  Naviga6on	  via	  Coopera6on,”	  IEEE	  Communica6ons	  Magazine,	  May	  2011	  
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Coopera'on	  
•  Coopera'on	   is	   an	   emerging	   paradigm	   for	   wireless	   communica'ons	   and	  
loca'on-‐aware	  networks;	  e.g.,	  at	   the	  PHY	   layer	   is	  an	  efficient	  method	   to	  
improve	  the	  performance	  and	  extend	  the	  coverage	  

•  The	   connec'vity	   and	   coopera'on	   diversity	   achieved	   depend	   on	   channel	  
condi'ons	  in	  each	  link	  

	  

	  

	  

	  

For	  the	  design	  of	  coopera've	  wireless	  networks	  carefully	  	  

characterize	  the	  wireless	  channels	  associated	  with	  all	  links.	  

Coopera'on	  in	  localiza'on	  
•  To	  extend	  coverage	  of	  the	  localiza'on	  system	  (through	  mul'-‐hop)	  

	  

•  To	   increase	   the	   number	   of	   visible	   anchors	   (e.g.,	   an	   agent	   can	   be	   virtual	  
anchor	  for	  another	  à	  itera've	  approach)	  
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Harnessing	  environmental	  informa'on	  
• 	  The	  ranging	  error	  degrades	  the	  performance	  of	  localiza'on.	  	  

• 	  When	  a	  priori	  informa'on	  of	  the	  environment	  topology	  is	  available,	  we	  can	  harness	  
such	  informa'on	  to	  refine	  ranging	  and	  posi'on	  es'mates.	  	  

• 	  Three-‐step	  procedure,	  regardless	  of	  the	  par'cular	  range-‐based	  localiza'on	  
algorithm	  used:	  

	   	   	   	  (i)	   	  Ini'al	  posi'on	  es'mate	  
	  

	   	   	   	  (ii) 	  Range	  error	  mi'ga'on	  
	  

	   	   	   	  (iii) 	  Posi'on	  refinement	  
	  
	  

When	  no	  a	  priori	  informa'on	  on	  the	  environment	  topology	  is	  available,	  such	  
condi'on	  can	  be	  determined	  by	  analyzing	  the	  received	  waveform	  

Choice	  of	  features	  for	  NLOS	  detec'on	  
• 	  Features	  are	  extracted	  from	  the	  received	  waveform	  v(t)	  observed	  within	  the	  
interval	  T	  under	  a	  par'cular	  channel	  condi'on.	  Examples	  are	  

• 	  Temporal	  dispersion	  (RMS	  delay	  spread)	  
	  (higher	  for	  NLOS)	  
	   	  	  
	   	   	   	   	   	  mean	  excess	  delay	  

	  
	  
	  
	  
	  
	  
• 	  Kurtosis	  

	  (higher	  for	  LOS)	  
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Selec'on	  of	  Representa've	  Observa'ons	  

	  
	  
	  
	  
	  

Number	  of	  processed	  measurements	  

Localiza'on	  Error	  

Ideal	  environments	  

Harsh	  propaga'on	  
environments	  

Subset	  Selec'on	  

S.	  Bartole\	  et	  al.,	  “Blind	  Selec6on	  of	  Representa6ve	  Observa6ons	  for	  Sensor	  Radar	  Networks,”	  IEEE	  Trans.	  On	  
Vevhicular	  Technol.,	  Apr.	  2015	  

Observa'ons	  Selec'on	  in	  a	  
Sensor	  Radar	  Network	  Scenario	  
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and penetrate obstacles. Specifically, UWB signals provide fine
delay resolution, which enables precise time-of-arrival (TOA)
measurements for ranging [24]–[31]. However, the accuracy
and reliability of range-based localization typically degrade
in wireless environments with multipath, clutter, line-of-sight
(LOS) blockage, and excess propagation delays through mate-
rials [32]–[39]. Sensor radars exploiting the characteristics of
UWB signals are presented in [40]–[47].

Ranging accuracy in sensor radars depends on the capability
of exploiting prior knowledge, noise filtering, clutter mitiga-
tion, and TOA estimation. A variety of range error models have
been adopted in the literature [48].

The fundamental questions for the design of target lo-
calization techniques via sensor radars are the following:
(i) What are the intrinsic properties of the sensor radar network
dominating its performance in a given operation environment?
(ii) How does the quality of the measurements impact the lo-
calization accuracy? (iii) How to conceive the network setting,
waveform processing, and localization algorithm to mitigate
propagation impairments? The answers to these questions en-
able the design of sensor radars exploiting the intrinsic prop-
erties of the network for a new level of localization accuracy,
even in harsh propagation environments.

Our approach consists in exploiting diversity and selection
of measurements to enhance the performance of sensor radars
in harsh propagation environments with non-LOS (NLOS)
conditions.3 The goal of this work is to provide insights into
how the network intrinsic properties, the waveform processing,
and the localization algorithm affect detection and localization
capabilities of sensor radars, as well as to demonstrate that
proper techniques for selecting a subset of observations can im-
prove the localization accuracy, despite the lower complexity.

In this paper, we propose techniques that are blind to both
channel knowledge and propagation environment for selecting
representative observations. Such blind techniques rely on in-
dicators obtained from noncoherent reception and sub-Nyquist
sampling of waveforms. We develop a methodology for the
design and analysis of sensor radar by jointly considering
network intrinsic properties and signal processing techniques.
The key contributions of this paper can be summarized as
follows:

• introduction of blind techniques for the selection of rep-
resentative observations in sensor radars;

• development of a methodology for the design and analysis
of sensor radars by jointly considering (i) network setting,
(ii) propagation environment, (iii) waveform processing,
(iv) observation selection, and (v) localization algorithm;

• quantification of the localization accuracy improvement
provided by observation selection techniques.

The performance evaluation accounts for all the channel
impairments such as multipath, clutter, and LOS/NLOS prop-
agation. To understand the key benefits of selecting repre-
sentative observations, we consider all the relevant aspects of
the sensor radar and the propagation environments, neglecting

3Diversity is a well-known concept used in wireless communications to
improve the performance, particularly in fading channels (see, e.g., [49]–[53]).

Fig. 1. Example of a sensor radar configuration with one transmitter at pn and
|S| − 1 receivers at p1,p2, . . . ,pn−1,pn+1,pn+2, . . . ,p|S|; the target
is at p.

synchronization errors and other secondary aspects that are
beyond the scope of this study. Instead of considering a specific
range error model, we simulate the entire signal processing
chain starting from the received waveforms. As a case study,
we consider UWB sensor radars in a typical indoor environment
(with LOS and NLOS conditions, clutter, and multipath).

The remainder of this paper is organized as follows.
Section II describes the sensor radar network. Section III
introduces the collection and selection of representative ob-
servations. Section IV defines indicators and features for the
observation selection. Section V presents the techniques for
the processing of the received waveforms. Section VI provides
results for a case study, and finally, Section VII gives our
conclusions.

II. SENSOR RADAR NETWORK

We now describe the network setting and the propagation
environment for the analysis of sensor radars.

A. Network Setting

Refer to a network of sensors with index set S and cardinality
|S|, where the sensor indexed by s ∈ S is in position ps. The
radar configuration is defined by an index subset T ⊂ S of
|T | transmitters and an index subset R ⊂ S of |R| receivers.
The ith transmitter (i ∈ T ) and the jth receiver (j ∈ R) are
at pi and pj , respectively. Such a radar configuration defines
an index set P of transmitter–receiver pairs with cardinality
|P| = |T | × |R|. Specifically, each pair (i, j) ∈ P is composed
of the ith transmitter emitting a signal and the jth receiver
collecting the received signal after backscattering by the target
object and wireless propagation. Fig. 1 shows an example of
sensor radar with P = {(n, 1), (n, 2), . . . , (n, n − 1), (n, n +
1), . . . , (n, |S|)}. By processing the received signal for each
pair, the TOA is estimated, and the transmitter-to-target-to-
receiver distance (signal path length) is determined.

For a target object in position p and a radar (i, j) ∈ P , the
signal path length is given by

dij(p) = di(p) + dj(p) = τij(p)c (1)
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Pre-filtering and
clutter removal

Observation Selection

Selection
feature

Subset
selection

TOA
Estimator

Localization
algorithm

rP (t)

|P|

vP(t)

|P|

rPsel(t)

|Psel|

τ̂Psel(p)

|Psel|

p̂h(rP )

|P|

Fig. 2. Sensing and processing in sensor radar networks for localization based on observation selection.

The accuracy of target location inference relies on the
quality of TOA estimates composing the observation vector
τ̂P(p), which depends on the intrinsic properties of the sensor
radar. The processing of signals received in LOS conditions
might result in imperfect TOA estimation τ̂ij(p), therefore in

an imperfect signal path-length estimation d̂ij(p) = τ̂ij(p) c,
due to non-ideal propagation (e.g., multipath, clutter, noise).
The processing of signals received in NLOS conditions might
result in an inaccurate TOA estimates due to excess delay
and obstruction-loss. Therefore, in NLOS conditions the TOA
estimates are more likely non-representative observations of
the target. Hence, given an observation vector obtained from
diverse radars in the sensor radar network, the localization
accuracy can be enhanced by processing a subset of repre-
sentative observations of the target. Section V will present
the processing techniques for the selection of representative
observations in sensor radars.

III. OBSERVATION COLLECTION AND SELECTION

The range estimates serve as inputs of localization algo-
rithms to determine the target position. Specifically, from
the set P of transmitter-receiver pairs, a vector τ̂P (p) of
Nobs = |P| = |T | × |R| observations collected in diverse
spatiotemporal conditions is obtained for a target at p. In
inference theory, the presence of non-representative and biased
observations (also known as non-representative outliers [10])
leads to inaccurate parameter estimation. Therefore, range
estimates related to multipath, clutter, and signal obstructions
degrade the accuracy of position estimation. We propose low-
complexity techniques to select a subset τ̂Psel(p) of L =
|Psel| ≤ Nobs elements of the observation vector that contains
representative observations for the target position estimation.
Such selection techniques are based on signal features that can
be extracted in blind conditions (i.e., without prior informa-
tion).

Figure 2 shows the block scheme for target localization
starting from the set of received signals vP(t) = {vij(t) :
(i, j) ∈ P}. For each signal after pre-filtering and clutter
removal rij(t), a feature h(rij) is extracted. Then, a subset of
cardinality L ≤ Nobs of vectors rPsel(t) is selected based on
such a feature. The TOA estimator at each receiver determines
τ̂ij for the signal rij(t) if selected, i.e., (i, j) ∈ Psel.

The target position is inferred based on the set of selected
observations τ̂Psel(p) ⊆ τ̂P(p). Such a set of observations
is processed by a Bayesian or non-Bayesian localization
algorithm. The choice of the localization algorithm is driven by
the trade-off between performance (such as localization error
and outage) and complexity (such as computational complexity

and message passing), as well as by prior knowledge of the en-
vironment. In this work, no information on the bias introduced
by obstructions, residual clutter after non-ideal removal, nor
TOA statistical distribution is available for position estimation.
In such a blind case, a least squares (LS) estimator can be
adopted, which is expressed as7

p̂ = argmin
p̃

∑

(i,j)∈Psel

|τ̂ij(p)− τij(p̃)|
2 . (9)

The choice of the processing techniques for the received
signals impacts the quality of observations and the accuracy
of location inference. The signal processing techniques con-
sidered in this paper, which consist of received waveforms
pre-filtering and clutter removal, as well as TOA estimation
will be described in Sec. V.

We now determine the localization complexity in the pres-
ence of observation selection, C(L,Nobs), where L is the
number of selected observations and Nobs is the total number
of available observations. Such complexity is given only
by that of the localization algorithm when all observations
available are used (L = Nobs), whereas it also depends on
the complexity of feature evaluation and observation selection
when a subset of the available observations is used.

The estimation of target position via LS algorithm based on
range measurements is a NP-hard problem with an exponential
complexity on the number of observations O (Nm) [56]. In
the following, Cl(N) denotes the complexity of the localiza-
tion algorithm as a function of the number N of processed
observations, which is N = L with selection of representative
observations and N = Nobs without selection. Therefore, the
complexity for target localization without (L = Nobs) and with
(L < Nobs) subset selection of representative observations is
given by

C(L,Nobs) =

{
Cl(Nobs) L = Nobs

Cl(L) + Cf(Nobs) + Cs(Nobs) L < Nobs

(10)

where Cf(Nobs) is the complexity of feature evaluation and
Cs(Nobs) is the complexity of the sorting algorithm based
on feature h(P). The term Cs(Nobs) depends on the sorting
algorithm used and is asymptotically quadratic in a worst case
analysis Cs(N) = O(N2) [57]. When the term Cf(Nobs) is
a linear function with the number of observations, O(Nobs),
the comparison between the computational complexity of
localization with and without observation selection depends
on the complexity of the localization algorithm Cl(N). For
example, Cl(Nobs) = O (Nm

obs) in the case of a localization

7The localization algorithm is not the main focus of the paper.
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Fig. 3. TOA estimation based on energy detection for the radar (i, j) ∈ P .

small SNR values. Therefore, higher values of χij are expected
for smaller range errors. Finally, low or high values of sample
skewness are obtained when there are many or few elements
with large values within the decision vector ϵij , respectively.
Large-value indicator samples are more likely to be associated
with the target for large SNR values, when the energy due to
the target is easily discernible from the noise floor. Therefore,
higher values of cij are expected for smaller range errors.

The observations τ̂P(p) are sorted based on the features
h(ϵP) in increasing or decreasing order, depending on whether
the relation between h(ϵij) and eij is monotonically non-
increasing or nondecreasing, respectively.10 Then, the subset
τ̂Psel(p) of L = |Psel| ≤ Nobs selected observations is com-
posed by the first L sorted observations and further processed
by the localization algorithm.

From (10), the comparison between the computational com-
plexity of localization with and without observation selection
depends on the complexity of the localization algorithm Cℓ(N).
Note that the term Cf(Nobs) is a linear function with the number
of observations O(Nobs) for all the aforementioned features,
except for the IQRij that requires function inversion. Therefore,
the selection of representative observations enables significant
savings in complexity when m ≥ 2.

The extraction of the aforementioned features will be de-
tailed in the following for a case of wide usage based on sub-
Nyquist processing with energy detection.

V. OBSERVATION PROCESSING

We now describe the signal preprocessing techniques and
TOA estimation.

A. Prefiltering and Clutter Removal

The out-of-band noise can be mitigated by means of a
bandpass zonal filter (BPZF), which consists of a bandpass
filter having the same center frequency and bandwidth of the
transmitted signal. The output of the BPZF, corresponding to
the transmission of Np pulses, is given by

ṽij(t) =

Np−1∑

p=0

Lp−1∑

l=0

α(l)
ij s

(
t − pTg − τ (l)

ij

)
+ wij(t) (24)

where s(t) is the output of the BPZF corresponding to a single
pulse at its input, Lp is the number of received multipath com-

10The features h(ϵP ) are calculated based on the vector ϵP , that contains
all the decision vectors ϵij with (i, j) ∈ P .

ponents due to target backscattering (with the lth component
having gain α(l)

ij and delay τ (l)
ij ), and Tg ! 1/PRF. The term

wij(t) includes the filtered components of noise and clutter.
There are various techniques for clutter removal, based on the

operation environment. In case of static clutter, two classical
techniques are the empty-room technique and the frame-to-
frame technique. The empty-room technique consists of a setup
phase where a signal, namely, reference signal, is received
and recorded at each radar in the absence of a target object
[60]. Such a reference signal is recorded offline from a high
number of transmitted pulses, and therefore, it includes the
time-invariant clutter. Then, the reference signal is subtracted
from the signal received in the presence of target objects to
mitigate static clutter. The frame-to-frame technique exploits
the amplitude and phase variations of backscattered signals due
to the target mobility for discerning the time-invariant clutter
from the moving target [42]. In the case of nonstatic clutter,
both clutter removal techniques present a residual clutter in the
waveforms at the input of the TOA estimator.

B. TOA and Position Estimation

A variety of TOA estimators is present in the literature;
those based on energy detection received attention because they
are based on noncoherent signal reception and sub-Nyquist
sampling. In particular, with energy detection, the TOA esti-
mates are determined based on energy values collected in time
intervals (energy bins) [31].

The signal at the input of the TOA estimator, after prefiltering
and clutter removal, is given by

rij(t) =

Np−1∑

p=0

Lp−1∑

l=0

α(l)
ij s

(
t − pTg − τ (l)

ij

)
+ nij(t) (25)

where nij(t) includes the filtered noise and the residual clutter.
Fig. 3 shows the TOA estimator based on energy detection

and decision by comparing each energy bin averaged over mul-
tiple received pulses with a threshold. The TOA estimator uses
a temporal part of the signal rij(t) with duration Tg, including
only one received pulse to avoid ambiguous TOA estimations,
and then, it accumulates over Np transmitted pulses. The goal
is to determine d̂ij(p) from the estimate τ̂ (1)

ij .11 In the absence
of prior information, we consider the true τij(p) uniformly

11Note that after perfect clutter removal, multipath propagation in (25)
accounts for the paths scattered by the target, and these paths arrive at the
receiver after reflections.
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distributed in the interval [0, Ta], where the maximum possible
delay Ta depends on the propagation environment. The PRF is
chosen to satisfy Tg > Ta.

The ED is composed of a square-law device followed by an
integrate and dump (I&D) block with dwell time Tdwell. Then,
the ED provides a vector of Nb = ⌊Tg/Tdwell⌋ energy bins. The
qth energy bin for the pth received waveform of the radar (i, j)
is given by12

ϵ(p,q)
ij =

(q+1)Tdwell+pTg∫

qTdwell+pTg

r2
ij(t) dt (26)

with p = 0, 1, . . . , Np − 1, and q = 0, 1, . . . , Nb − 1.
A decision vector based on energy bins (namely, the energy

vector) is obtained as ϵij = [ϵ(0)ij , ϵ(1)ij , . . . , ϵ(Nb−1)
ij ], where the

qth element ϵ(q)ij is determined, for example, by averaging over
the Np received signals [31], i.e.,

ϵ(q)ij =
1

Np

Np−1∑

p=0

ϵ(p,q)
ij . (27)

The TOA estimation is made by comparing each element ϵ(q)ij
with a threshold ξij . From such a comparison, the decision is
taken on the bin inside which the true TOA is detected. The
choice of the threshold ξij is crucial for the TOA estimation,
as well as for the level of misdetection and false alarms. In this
paper, the threshold is designed based on a constant false-alarm
approach, i.e., the threshold ξij is chosen to obtain a constant
probability of the event that an only-noise energy bin is above
the threshold.13 For the radar (i, j) ∈ P and target at p, the
estimated TOA τ̂ij(p) is chosen as the central value of the
corresponding dwell interval for the first element of the energy
vector above the threshold ξij .

The amplitude and temporal distributions of the elements ϵ(q)ij
depend on the true TOA τij(p) and the received SNR γij(p),
which are affected by propagation conditions (i.e., noise, path
loss, and obstruction loss). Fig. 4 shows three examples of
energy vectors ϵ(q)ij as a function of q for different signal path
lengths and total thickness of the crossed walls. Note that the
true TOA τij(p), which is dependent on both signal path length
and obstructions, guides the centrality of distribution of ϵ(q)ij ,
whereas the SNR, which is dependent on path loss and obstruc-
tion loss, guides the amplitude and temporal dispersion of ϵ(q)ij .
Decisions provided by comparison with a threshold in the case
of disperse distribution of energy bins are more vulnerable to
nonrepresentative elements of the observation vector. Hence,
τ̂ij(p) is most likely due to a nonrepresentative observation

12Remember that the collection of energy from successive received wave-
forms increases the performance of the TOA estimator.

13We refer to only-noise bins as those with energy due only to noise. Note
that this threshold represents an optimal solution in additive white Gaussian
noise channels. Alternatively, in [61], a simple criterion to determine a thresh-
old based on the evaluation of early detection probability and noise power
knowledge is proposed for multipath channels.

Fig. 4. Energy vectors for different values of signal path-length dij(p) and to-
tal wall thickness ∆. Energy values are normalized to the maximum of the
vector in (a). Results are obtained with an ED setting and channel model used
in the case study (see Section VI).

of the target when the values ϵ(q)ij have a flat distribution with
values close to the noise floor.

VI. CASE STUDY

We now present a case study for a network of UWB sensor
radars that operates in an indoor environment and that exploits
the selection of representative observations. The performance
metrics, the operation environment, the signal processing tech-
niques, and the numerical results are described in the following
subsections.

A. Performance Metrics

The localization performance is evaluated in terms of local-
ization error and localization error outage (LEO). The local-
ization error is defined as the Euclidean distance between the
estimated position p̂ and the true position p of the target, as
given by

e(p) = ∥p̂ − p∥. (28)

The LEO is defined as the probability that the localization error
is above a maximum tolerable value eth, as given by

PLEO = P {e(p) > eth} = Ep

{
1(eth,+∞) {∥p̂ − p∥}

}
(29)

where 1B{x} ! 1 if x ∈ B and 0, otherwise.14

14P{·} denotes probability and Ex{·} denotes the statistical expectation
averaged over the random variable (RV) x.
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which are affected by propagation conditions (i.e., noise, path
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whereas the SNR, which is dependent on path loss and obstruc-
tion loss, guides the amplitude and temporal dispersion of ϵ(q)ij .
Decisions provided by comparison with a threshold in the case
of disperse distribution of energy bins are more vulnerable to
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τ̂ij(p) is most likely due to a nonrepresentative observation
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We now present a case study for a network of UWB sensor
radars that operates in an indoor environment and that exploits
the selection of representative observations. The performance
metrics, the operation environment, the signal processing tech-
niques, and the numerical results are described in the following
subsections.
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The localization performance is evaluated in terms of local-
ization error and localization error outage (LEO). The local-
ization error is defined as the Euclidean distance between the
estimated position p̂ and the true position p of the target, as
given by

e(p) = ∥p̂ − p∥. (28)

The LEO is defined as the probability that the localization error
is above a maximum tolerable value eth, as given by

PLEO = P {e(p) > eth} = Ep

{
1(eth,+∞) {∥p̂ − p∥}

}
(29)

where 1B{x} ! 1 if x ∈ B and 0, otherwise.14

14P{·} denotes probability and Ex{·} denotes the statistical expectation
averaged over the random variable (RV) x.
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IV. OBSERVATION SELECTION METHODS

We now introduce blind and low-complexity techniques that
exploit diversity and provide selection of observations to al-
leviate harsh propagation impairments and improve localiza-
tion performance. The choice of the feature is crucial for the
sensor radar’s ability to select observations that are represen-
tative for target location inference. Therefore, such a choice
has to be based on the relation between the feature h(rij)
and the range error eij = c|τ̂ij(p) − τij(p)|. Consider a deci-
sion vector ϵij = [ϵ(0)ij , ϵ(1)ij , . . . , ϵ(Nb−1)

ij ] of Nb signal indicator
samples for the pair (i, j) ∈ P (e.g., with an energy detector
(ED), ϵ(q)ij is related to the energy of samples within the qth time
interval), then h(rij) = h(ϵij). Since the range error depends
on the true TOA, the ideal selection would be based on the cen-
trality of ϵ(q)ij distribution with respect to τij(p). Unfortunately,
the true TOA is not known in a blind context. We now consider
features related to the amplitude and temporal distribution of
the decision vector ϵij for selecting the observations that are
most likely representative of the target (i.e., less affected by
multipath, noise, and obstruction loss).

To evaluate the temporal dispersion of ϵij over the obser-
vation time, we first normalise qth element (with q = 0, . . .,
Nb − 1), within the each decision vector, as

fij(q) =
ϵ(q)ij

∑Nb−1
k=0 ϵ(k)

ij

(11)

where fij(q) represents the sampling probability that the true
TOA belongs to the qth time interval given the vector ϵij .8

Define the cumulative distribution function, the first moment,
and the nth central moment of fij(q), respectively, as

Fij(x) =
∑

q≤x

fij(q) (12)

µij =
Nb−1∑

q=0

qfij(q) (13)

µ(n)
ij =

Nb−1∑

q=0

(q − µij)
nfij(q). (14)

From (12)–(14), the temporal dispersion of the signal indi-
cator samples can be evaluated by considering variance σ2

ij ,
interquartile range IQRij , kurtosis κij , and skewness χij , which
are, respectively, given by

σ2
ij = µ(2)

ij (15)

IQRij = F−1
ij (0.75) − F−1

ij (0.25) (16)

κij =
µ(4)

ij(
µ(2)

ij

)2 (17)

χij =
µ(3)

ij(√
µ(2)

ij

)3 . (18)

8Note that, in the absence of prior knowledge, we consider the true TOA
included in the maximum element of ϵij with highest probability.

To evaluate the amplitude dispersion of ϵij , consider the max-
imum value Mij , sample variance s2ij , sample range rij , and
sample skewness cij , which are, respectively, given by

Mij = max
q

ϵ(q)ij (19)

s2ij =
1

Nb

Nb−1∑

q=0

[
ϵ(q)ij −

(
1

Nb

Nb−1∑

k=0

ϵ(k)
ij

)]2

(20)

rij =

∣∣∣∣max
q

ϵ(q)ij − min
q

ϵ(q)ij

∣∣∣∣ (21)

cij =

∑Nb−1
q=0

[
ϵ(q)ij − 1

Nb

(∑Nb−1
k=0 ϵ(q)ij

)]3

Nb

(
s2ij

) 3
2

. (22)

The relation between a feature h(ϵij) ∈ {σ2
ij , IQRij ,κij ,

χij , s2ij , Mij , rij , cij} and the range error eij can be evaluated
through the correlation ρ(h(ϵij), eij). Such correlation is de-
termined via both the Spearman and the Pearson correlation
coefficients, which indicates whether a monotone relation be-
tween the two variables exists [58]. Specifically, the Pearson
correlation coefficient for N observations of two variables x
and y is given by

ρ(x, y) =

∑N
i=1(xi − x)(yi − y)√∑N

i=1(xi − x)2
√∑N

j=1(yi − y)2
(23)

where xi and yi, with i = 1, . . . , N , are observations of x
and y, respectively, and x and y are the average values of
the observation sample {xi}N

i=1 and {yi}N
i=1, respectively. The

Spearman correlation coefficient is determined similarly to (23)
by using the ranked variables in place of the original ones.9

Both correlation coefficients take values in [−1,1], where the
value ρ(h(ϵij), eij) = 0 indicates that the two variables are un-
correlated, whereas positive or negative values indicate that any
monotone relation between the two variables is nondecreasing
or nonincreasing, respectively. The statistical significance of
such correlation coefficients can be tested based on the sample
size and the resulting correlation values providing a p-value,
where p represents the probability of obtaining the same corre-
lation coefficient with two independent variables [59].

Consider, for example, the cases h(ϵij) = σ2
ij , h(ϵij) = χij ,

and h(ϵij) = cij . Specifically, low or high values of the vari-
ance σ2

ij are obtained with narrow or wide sampling distribution
of the time interval containing the true TOA, respectively. There-
fore, lower values of σ2

ij are expected for large values of SNR
corresponding to smaller range errors. Differently, positive or
negative values of skewness χij are obtained when the sampling
distribution is right-side or left-side tailed, respectively. In parti-
cular, positive values are due to the shape of the channel impulse
response, whose right-side tail is given by the delay spread of
the channel. The channel impulse response guides the shape of
fij(q) for large SNR values, whereas it has a lower impact for

9Ranking is performed by sorting the observations in ascending order and
associating them with the corresponding ordinal number.
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termined via both the Spearman and the Pearson correlation
coefficients, which indicates whether a monotone relation be-
tween the two variables exists [58]. Specifically, the Pearson
correlation coefficient for N observations of two variables x
and y is given by

ρ(x, y) =

∑N
i=1(xi − x)(yi − y)√∑N

i=1(xi − x)2
√∑N

j=1(yi − y)2
(23)

where xi and yi, with i = 1, . . . , N , are observations of x
and y, respectively, and x and y are the average values of
the observation sample {xi}N

i=1 and {yi}N
i=1, respectively. The

Spearman correlation coefficient is determined similarly to (23)
by using the ranked variables in place of the original ones.9

Both correlation coefficients take values in [−1,1], where the
value ρ(h(ϵij), eij) = 0 indicates that the two variables are un-
correlated, whereas positive or negative values indicate that any
monotone relation between the two variables is nondecreasing
or nonincreasing, respectively. The statistical significance of
such correlation coefficients can be tested based on the sample
size and the resulting correlation values providing a p-value,
where p represents the probability of obtaining the same corre-
lation coefficient with two independent variables [59].
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ij , h(ϵij) = χij ,

and h(ϵij) = cij . Specifically, low or high values of the vari-
ance σ2

ij are obtained with narrow or wide sampling distribution
of the time interval containing the true TOA, respectively. There-
fore, lower values of σ2

ij are expected for large values of SNR
corresponding to smaller range errors. Differently, positive or
negative values of skewness χij are obtained when the sampling
distribution is right-side or left-side tailed, respectively. In parti-
cular, positive values are due to the shape of the channel impulse
response, whose right-side tail is given by the delay spread of
the channel. The channel impulse response guides the shape of
fij(q) for large SNR values, whereas it has a lower impact for
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Fig. 2. Sensing and processing in sensor radar networks for localization based on observation selection.

The accuracy of target location inference relies on the
quality of TOA estimates composing the observation vector
τ̂P(p), which depends on the intrinsic properties of the sensor
radar. The processing of signals received in LOS conditions
might result in imperfect TOA estimation τ̂ij(p), therefore in

an imperfect signal path-length estimation d̂ij(p) = τ̂ij(p) c,
due to non-ideal propagation (e.g., multipath, clutter, noise).
The processing of signals received in NLOS conditions might
result in an inaccurate TOA estimates due to excess delay
and obstruction-loss. Therefore, in NLOS conditions the TOA
estimates are more likely non-representative observations of
the target. Hence, given an observation vector obtained from
diverse radars in the sensor radar network, the localization
accuracy can be enhanced by processing a subset of repre-
sentative observations of the target. Section V will present
the processing techniques for the selection of representative
observations in sensor radars.

III. OBSERVATION COLLECTION AND SELECTION

The range estimates serve as inputs of localization algo-
rithms to determine the target position. Specifically, from
the set P of transmitter-receiver pairs, a vector τ̂P (p) of
Nobs = |P| = |T | × |R| observations collected in diverse
spatiotemporal conditions is obtained for a target at p. In
inference theory, the presence of non-representative and biased
observations (also known as non-representative outliers [10])
leads to inaccurate parameter estimation. Therefore, range
estimates related to multipath, clutter, and signal obstructions
degrade the accuracy of position estimation. We propose low-
complexity techniques to select a subset τ̂Psel(p) of L =
|Psel| ≤ Nobs elements of the observation vector that contains
representative observations for the target position estimation.
Such selection techniques are based on signal features that can
be extracted in blind conditions (i.e., without prior informa-
tion).

Figure 2 shows the block scheme for target localization
starting from the set of received signals vP(t) = {vij(t) :
(i, j) ∈ P}. For each signal after pre-filtering and clutter
removal rij(t), a feature h(rij) is extracted. Then, a subset of
cardinality L ≤ Nobs of vectors rPsel(t) is selected based on
such a feature. The TOA estimator at each receiver determines
τ̂ij for the signal rij(t) if selected, i.e., (i, j) ∈ Psel.

The target position is inferred based on the set of selected
observations τ̂Psel(p) ⊆ τ̂P(p). Such a set of observations
is processed by a Bayesian or non-Bayesian localization
algorithm. The choice of the localization algorithm is driven by
the trade-off between performance (such as localization error
and outage) and complexity (such as computational complexity

and message passing), as well as by prior knowledge of the en-
vironment. In this work, no information on the bias introduced
by obstructions, residual clutter after non-ideal removal, nor
TOA statistical distribution is available for position estimation.
In such a blind case, a least squares (LS) estimator can be
adopted, which is expressed as7

p̂ = argmin
p̃

∑

(i,j)∈Psel

|τ̂ij(p)− τij(p̃)|
2 . (9)

The choice of the processing techniques for the received
signals impacts the quality of observations and the accuracy
of location inference. The signal processing techniques con-
sidered in this paper, which consist of received waveforms
pre-filtering and clutter removal, as well as TOA estimation
will be described in Sec. V.

We now determine the localization complexity in the pres-
ence of observation selection, C(L,Nobs), where L is the
number of selected observations and Nobs is the total number
of available observations. Such complexity is given only
by that of the localization algorithm when all observations
available are used (L = Nobs), whereas it also depends on
the complexity of feature evaluation and observation selection
when a subset of the available observations is used.

The estimation of target position via LS algorithm based on
range measurements is a NP-hard problem with an exponential
complexity on the number of observations O (Nm) [56]. In
the following, Cl(N) denotes the complexity of the localiza-
tion algorithm as a function of the number N of processed
observations, which is N = L with selection of representative
observations and N = Nobs without selection. Therefore, the
complexity for target localization without (L = Nobs) and with
(L < Nobs) subset selection of representative observations is
given by

C(L,Nobs) =

{
Cl(Nobs) L = Nobs

Cl(L) + Cf(Nobs) + Cs(Nobs) L < Nobs

(10)

where Cf(Nobs) is the complexity of feature evaluation and
Cs(Nobs) is the complexity of the sorting algorithm based
on feature h(P). The term Cs(Nobs) depends on the sorting
algorithm used and is asymptotically quadratic in a worst case
analysis Cs(N) = O(N2) [57]. When the term Cf(Nobs) is
a linear function with the number of observations, O(Nobs),
the comparison between the computational complexity of
localization with and without observation selection depends
on the complexity of the localization algorithm Cl(N). For
example, Cl(Nobs) = O (Nm

obs) in the case of a localization

7The localization algorithm is not the main focus of the paper.

Temporal	  dispersion	  features	   Amplitude	  dispersion	  features	  

BARTOLETTI et al.: BLIND SELECTION OF REPRESENTATIVE OBSERVATIONS FOR SENSOR RADAR NETWORKS 5

IV. OBSERVATION SELECTION METHODS

We now introduce blind and low-complexity techniques that
exploit diversity and provide selection of observations to al-
leviate harsh propagation impairments and improve localiza-
tion performance. The choice of the feature is crucial for the
sensor radar’s ability to select observations that are represen-
tative for target location inference. Therefore, such a choice
has to be based on the relation between the feature h(rij)
and the range error eij = c|τ̂ij(p) − τij(p)|. Consider a deci-
sion vector ϵij = [ϵ(0)ij , ϵ(1)ij , . . . , ϵ(Nb−1)

ij ] of Nb signal indicator
samples for the pair (i, j) ∈ P (e.g., with an energy detector
(ED), ϵ(q)ij is related to the energy of samples within the qth time
interval), then h(rij) = h(ϵij). Since the range error depends
on the true TOA, the ideal selection would be based on the cen-
trality of ϵ(q)ij distribution with respect to τij(p). Unfortunately,
the true TOA is not known in a blind context. We now consider
features related to the amplitude and temporal distribution of
the decision vector ϵij for selecting the observations that are
most likely representative of the target (i.e., less affected by
multipath, noise, and obstruction loss).

To evaluate the temporal dispersion of ϵij over the obser-
vation time, we first normalise qth element (with q = 0, . . .,
Nb − 1), within the each decision vector, as

fij(q) =
ϵ(q)ij

∑Nb−1
k=0 ϵ(k)

ij

(11)

where fij(q) represents the sampling probability that the true
TOA belongs to the qth time interval given the vector ϵij .8

Define the cumulative distribution function, the first moment,
and the nth central moment of fij(q), respectively, as

Fij(x) =
∑

q≤x

fij(q) (12)

µij =
Nb−1∑

q=0

qfij(q) (13)

µ(n)
ij =

Nb−1∑

q=0

(q − µij)
nfij(q). (14)

From (12)–(14), the temporal dispersion of the signal indi-
cator samples can be evaluated by considering variance σ2

ij ,
interquartile range IQRij , kurtosis κij , and skewness χij , which
are, respectively, given by

σ2
ij = µ(2)

ij (15)

IQRij = F−1
ij (0.75) − F−1

ij (0.25) (16)

κij =
µ(4)

ij(
µ(2)

ij

)2 (17)

χij =
µ(3)

ij(√
µ(2)

ij

)3 . (18)

8Note that, in the absence of prior knowledge, we consider the true TOA
included in the maximum element of ϵij with highest probability.

To evaluate the amplitude dispersion of ϵij , consider the max-
imum value Mij , sample variance s2ij , sample range rij , and
sample skewness cij , which are, respectively, given by

Mij = max
q

ϵ(q)ij (19)

s2ij =
1

Nb

Nb−1∑

q=0

[
ϵ(q)ij −

(
1

Nb

Nb−1∑

k=0

ϵ(k)
ij

)]2

(20)

rij =

∣∣∣∣max
q

ϵ(q)ij − min
q

ϵ(q)ij

∣∣∣∣ (21)

cij =

∑Nb−1
q=0

[
ϵ(q)ij − 1

Nb

(∑Nb−1
k=0 ϵ(q)ij

)]3

Nb

(
s2ij

) 3
2

. (22)

The relation between a feature h(ϵij) ∈ {σ2
ij , IQRij ,κij ,

χij , s2ij , Mij , rij , cij} and the range error eij can be evaluated
through the correlation ρ(h(ϵij), eij). Such correlation is de-
termined via both the Spearman and the Pearson correlation
coefficients, which indicates whether a monotone relation be-
tween the two variables exists [58]. Specifically, the Pearson
correlation coefficient for N observations of two variables x
and y is given by

ρ(x, y) =

∑N
i=1(xi − x)(yi − y)√∑N

i=1(xi − x)2
√∑N

j=1(yi − y)2
(23)

where xi and yi, with i = 1, . . . , N , are observations of x
and y, respectively, and x and y are the average values of
the observation sample {xi}N

i=1 and {yi}N
i=1, respectively. The

Spearman correlation coefficient is determined similarly to (23)
by using the ranked variables in place of the original ones.9

Both correlation coefficients take values in [−1,1], where the
value ρ(h(ϵij), eij) = 0 indicates that the two variables are un-
correlated, whereas positive or negative values indicate that any
monotone relation between the two variables is nondecreasing
or nonincreasing, respectively. The statistical significance of
such correlation coefficients can be tested based on the sample
size and the resulting correlation values providing a p-value,
where p represents the probability of obtaining the same corre-
lation coefficient with two independent variables [59].

Consider, for example, the cases h(ϵij) = σ2
ij , h(ϵij) = χij ,

and h(ϵij) = cij . Specifically, low or high values of the vari-
ance σ2

ij are obtained with narrow or wide sampling distribution
of the time interval containing the true TOA, respectively. There-
fore, lower values of σ2

ij are expected for large values of SNR
corresponding to smaller range errors. Differently, positive or
negative values of skewness χij are obtained when the sampling
distribution is right-side or left-side tailed, respectively. In parti-
cular, positive values are due to the shape of the channel impulse
response, whose right-side tail is given by the delay spread of
the channel. The channel impulse response guides the shape of
fij(q) for large SNR values, whereas it has a lower impact for

9Ranking is performed by sorting the observations in ascending order and
associating them with the corresponding ordinal number.
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sample skewness cij , which are, respectively, given by

Mij = max
q

ϵ(q)ij (19)

s2ij =
1

Nb

Nb−1∑

q=0

[
ϵ(q)ij −

(
1

Nb

Nb−1∑

k=0

ϵ(k)
ij

)]2

(20)

rij =

∣∣∣∣max
q

ϵ(q)ij − min
q

ϵ(q)ij

∣∣∣∣ (21)

cij =

∑Nb−1
q=0

[
ϵ(q)ij − 1

Nb

(∑Nb−1
k=0 ϵ(q)ij

)]3

Nb

(
s2ij

) 3
2

. (22)

The relation between a feature h(ϵij) ∈ {σ2
ij , IQRij ,κij ,

χij , s2ij , Mij , rij , cij} and the range error eij can be evaluated
through the correlation ρ(h(ϵij), eij). Such correlation is de-
termined via both the Spearman and the Pearson correlation
coefficients, which indicates whether a monotone relation be-
tween the two variables exists [58]. Specifically, the Pearson
correlation coefficient for N observations of two variables x
and y is given by

ρ(x, y) =

∑N
i=1(xi − x)(yi − y)√∑N

i=1(xi − x)2
√∑N

j=1(yi − y)2
(23)

where xi and yi, with i = 1, . . . , N , are observations of x
and y, respectively, and x and y are the average values of
the observation sample {xi}N

i=1 and {yi}N
i=1, respectively. The

Spearman correlation coefficient is determined similarly to (23)
by using the ranked variables in place of the original ones.9

Both correlation coefficients take values in [−1,1], where the
value ρ(h(ϵij), eij) = 0 indicates that the two variables are un-
correlated, whereas positive or negative values indicate that any
monotone relation between the two variables is nondecreasing
or nonincreasing, respectively. The statistical significance of
such correlation coefficients can be tested based on the sample
size and the resulting correlation values providing a p-value,
where p represents the probability of obtaining the same corre-
lation coefficient with two independent variables [59].

Consider, for example, the cases h(ϵij) = σ2
ij , h(ϵij) = χij ,

and h(ϵij) = cij . Specifically, low or high values of the vari-
ance σ2

ij are obtained with narrow or wide sampling distribution
of the time interval containing the true TOA, respectively. There-
fore, lower values of σ2

ij are expected for large values of SNR
corresponding to smaller range errors. Differently, positive or
negative values of skewness χij are obtained when the sampling
distribution is right-side or left-side tailed, respectively. In parti-
cular, positive values are due to the shape of the channel impulse
response, whose right-side tail is given by the delay spread of
the channel. The channel impulse response guides the shape of
fij(q) for large SNR values, whereas it has a lower impact for

9Ranking is performed by sorting the observations in ascending order and
associating them with the corresponding ordinal number.

Localiza'on	  with	  Observa'on	  Selec'on:	  
signal	  features	  

variance	  
interquar'le	  range	  
	  
kurtosis	  
	  
skewness	  
	  
	  

maximum	  value	  
	  	  	  	  	  sample	  variance	  
	  
	  
	  
sample	  range	  
	  	  	  	  sample	  skewness	  
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Localiza'on	  Error	  Outage	  
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Fig. 8. Pearson and Spearman correlation coefficients between each considered feature and the range error. Green and red regions represent index values of
either strong or weak correlation, respectively. The red line represent the case of uncorrelation between the two variables.
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Fig. 9. LEO as a function of L = 1, 2, ...,Nobs for eth = 1 m, with (solid) and
without (dashed) walls, for the cases (A) h(ϵij) = σ2

ij , (B) h(ϵij) = κij ,

and (C) h(ϵij) = Mij . The case (D) represents the random choice of L
observations. The case (E) refers to the non-blind case h(ϵij) = eij .

selection on the localization performance for these three fea-
tures, which present large values of correlation together with
linear computational complexity.

2) Localization performance: Figure 9 shows the LEO at
eth = 1m as a function of the number of selected observations
L for h(ϵij) = σ2

ij ,κij , and Mij . To better understand the
importance of the observation selection features on localiza-
tion accuracy, the results are also obtained by considering a
random selection of the L observations. The non-blind case
h(ϵij) = eij serves as a benchmark. In the absence of walls
(LOS conditions), all selection features provide a LEO that
decreases with the number of selected observations. This is
expected from the absence of obstruction-loss and excess
delay. However, note that L = 5 observations, even randomly
chosen, are sufficient to have a localization error ep(p) < 1m
in 80% of cases despite only L = 5 TOA estimates out
of 66 are processed. This significantly reduces localization
complexity, which is a quadratic function of the number of
estimates that are processed. The worse performance levels

for L < 5 are mainly due to ambiguities (e.g., ghost targets
[7]) given by the intersection of L isorange contours (ellipses
in two dimensions) leading to more than a single point in
the absence of prior information (e.g., information on the
environment). In the presence of walls (NLOS conditions) the
LEO presents a minimum for all the selection features with
L = 5 or 6. Here, the effect of selection is clear since in the
case with L = 5 the localization error is ep(p) < 1m in 20%
of cases for random observation choice and in 77%, 80%, and
76% of cases for h(ϵij) = σ2

ij ,χij , and cij , respectively.
Note also that the localization error is ep(p) < 1m in only
7% of cases when no selection is performed (i.e., all the
L = Nobs = 66 observations are processed). Therefore, the
performance improvement offered by the proposed method for
this selection of representative observations is remarkable.

Figure 10 shows the LEO as a function of eth for L = 5
selected observations using the features considered in Fig. 9. In
the absence of walls (Fig. 10(a)), the localization error in 80%
of cases is below 0.08m for the non-blind case h(ϵij) = eij ,
0.98m for h(ϵij) = σ2

ij , 0.72m for h(ϵij) = χij , 0.74m for
h(ϵij) = cij , and 0.84m for the random observation selection.
Note that, the random choice shows similar performance to
the other selection techniques in the absence of obstructions.
This is due to the fact that range measurements almost have
the same representativeness in the absence of obstruction-loss
and excess delay. In the presence of walls (Fig. 10(b)), the
localization error in 80% of cases is below 0.42m for the
non-blind case h(ϵij) = eij , 1.1m for h(ϵij) = σ2

ij , 0.96m
for h(ϵij) = kij , and 1m for h(ϵij) = cij . Note that the
localization error is above 3m in 49% of cases when the
subset of observations is randomly selected. This highlights
that, together with complexity reduction, the processing of
a small subset of properly selected representative observa-
tions significantly improves the localization performance. It
is remarkable that proper observation selection can provide
localization performance close to that in the absence of walls.

VII. CONCLUSION

The intrinsic properties of sensor radar networks and the
representativeness of their observations determine the local-
ization accuracy, especially in harsh propagation environments.
Blind methods for observation selection have been proposed

Localiza'on	  Error	  Outage	  

L = 5

D:	  random	  choice	  of	  L	  observa'ons	  
E:	  	  non-‐blind	  case	  	  

Without	  walls	   With	  walls	  
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NETWORK	  MESSAGE-‐PASSING	  
ALGORITHMS	  

Two	  Non-‐Trivial	  Cases	  
•  One	  mobile	  agent	  

•  Mul7ple	  sta7c	  agents	  



2 

Mul7ple	  Sta7c	  Agents	  
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Coopera7ve	  Localiza7on	  Process	  
•  Coopera7ve	  localiza7on	  

–  3	  anchors	  
–  2	  agents	  

•  Coopera7on	  between	  
–  Pairs	  of	  anchors	  and	  single	  
agents	  

–  Two	  agents	  
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Coopera7ve	  Localiza7on	  Process	  
•  Coopera7ve	  localiza7on	  

–  Agent	  1	  and	  Anchors	  3,	  4	  

•  Ranging	  between	  Agt	  1	  and	  Anc	  3	  
–  Likelihood	  

•  Ranging	  between	  Agt	  1	  and	  Anc	  4	  
–  Likelihood	  

•  Loca7on	  belief	  of	  Agt	  1	  
d14

f(bd14|x1)

d13

f(bd13|x1)
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Coopera7ve	  Localiza7on	  Process	  
•  Coopera7ve	  localiza7on	  

–  Agent	  2	  and	  Anchors	  4,	  5	  

•  Ranging	  between	  Agt	  2	  and	  Anc	  4	  
–  Likelihood	  

•  Ranging	  between	  Agt	  2	  and	  Anc	  5	  
–  Likelihood	  

•  Loca7on	  belief	  of	  Agt	  2	  
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Coopera7ve	  Localiza7on	  Process	  
•  Coopera7ve	  localiza7on	  

–  Agent	  1	  and	  Agent	  2	  

•  Ranging	  between	  Agt	  1	  and	  Agt	  2	  
–  Likelihood:	  	  

•  Informa7on	  from	  Agt	  1	  to	  Agt	  2	  

•  Loca7on	  belief	  of	  Agt	  2	  
–  Previous:	  
–  Updated:	  	  	  
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Coopera7ve	  Localiza7on	  Process	  
•  Coopera7ve	  localiza7on	  

–  Agent	  1	  and	  Agent	  2	  

•  Ranging	  between	  Agt	  1	  and	  Agt	  2	  
–  Likelihood:	  	  

•  Informa7on	  from	  Agt	  2	  to	  Agt	  1	  

•  Loca7on	  belief	  of	  Agt	  2	  
–  Previous:	  
–  Updated:	  	  	  
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Algorithm	  Design	  
•  Developed	  concept	  of	  Space-‐Time	  Network	  Factor	  Graph	  
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●  Underlying	  frameworks:	  Bayesian	  Inference,	  graphical	  models,	  
sta7s7cs,	  machine	  learning	  
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Case	  Study:	  Advantages	  of	  Our	  Approach	  
•  Indoor	  environment,	  covers	  100m	  x	  100m	  area,	  13	  anchors,	  100	  agents	  
•  Nodes	  can	  communicate	  within	  20m	  range,	  using	  UWB	  	  

peer-‐to-‐peer	  transmission	  (experiment	  at	  MIT)	  
•  Underlying	  frameworks:	  Bayesian	  Inference,	  graphical	  	  

models,	  sta7s7cs,	  machine	  learning	  
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Itera7on	  Advantage	  
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WIDEBAND	  RANGING	  
	  	  

Distance	  es+ma+on	  (ranging)	  

•  Ranging	   is	   the	   technique	   employed	   by	   two	   nodes	   in	   the	   network	   to	  
determine	  the	  physical	  distance	  between	  them.	  

•  Ranging	   techniques	   significantly	   affect	   localiza+on	   accuracy	   and	   system	  
complexity.	  

•  Two	  most	  widely	  used	  ranging	  techniques	  are	  	  

	  -‐	  Received	  Signal	  Strength-‐based	  (RSS-‐based)	  

	  -‐	  Time-‐based	  (with	  variants)	  

	  

•  Possibility	  of	  heterogeneous	  techniques	  depending	  on	  complexity	  

D.Dardari,	  A.Con-,	  U.Ferner,	  A.Giorge3,	  M.Z.Win,	  “Ranging	  with	  Ultrawide	  Bandwidth	  Signals	  in	  
Mul-path	  Environments,”	  	  Proceedings	  of	  the	  IEEE,	  Feb.	  2009	  

Node A Node B 
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RSS-‐based	  Ranging	  

•  Theore+cal	   and	   empirical	   models	   are	   used	   to	   translate	   the	   difference	   between	   the	  
transmiJed	  signal	  strength	  and	  the	  RSS	  into	  a	  range	  es+mate.	  

	  
•  Propaga+on	  effects	  (refrac+on,	  reflec+on,	  shadowing,	  and	  mul+path)	  cause	  the	  aJenua+on	  

to	  poorly	  correlate	  with	  distance	  	  

	  
	  
	  
Inaccurate	  distance	  es+mates	  
	  
Time	  synch	  between	  nodes	  is	  not	  required	  
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Time-‐based	  ranging	  measurements	  
•  Time-‐of-‐flight	   	   	   	   	   	   	  (e.g.,	  1	  ns	  corresponds	  to	  30	  cm)	  

	  

Accomplished	  by	  using	  (TOA/TDOA	  stand	  for	  +me/+me	  difference-‐of-‐arrival):	  

	  

One-‐way	  TOA	   	   	  Two-‐way	  TOA 	   	  TDOA	  many-‐1 	   	  TDOA	  1-‐many	  

(perfect	  synch	  req.) 	   	   	   	   	   	   	  (e.g.,	  GPS)	  

�f = d/c

t1 t2 

�f = t2 � t1 �RT = 2�f + �d
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Time-‐based	  ranging	  

•  Distance	  between	  two	  nodes	  is	  es+mated	  from	  measurements	  on	  propaga+on	  
delay	  of	  e.m.	  waves	  (light	  speed	   	   	  	  	  	  m/s)	  

•  Applicable	  if	  nodes	  can	  measure	  the	  +me	  between	  events	  à	  TOA/TDOA	  

	  

Time-‐of-‐flight 	   	   	  	  

	  

	  

	  

Error	  sources	  

•  Clock	  driU	  (within	  node)	  
•  Propaga+on:	  mul+path,	  cluJer,	  excess	  delay,	  blockage,	  LOS/NLOS 	   	  	  

•  Interference:	   narrowband	   interference	   (NBI),	   wideband	   interference	   (WBI),	  
mul+-‐user	  interference	  (MUI)	  

c� 3 · 108

�f = d/c

Mul+path	  propaga+on	  and	  excess	  delay	  

direct	  path	  (DP),	  LOS	  
DP	  excess	  delay,	  non-‐DP,	  NLOS	  
DP	  blockage,	  non-‐DP,	  NLOS	  

Narrowband	  systems	  are	  oUen	  unable	  to	  resolve	  paths	  in	  cluJered	  environments.	  	  

Wideband	  systems	  can	  resolve	  paths,	  but	  if	  they	  are	  dense	  it	  is	  hard	  to	  detect	  DP.	  	  
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TOA	  Es+ma+on	  in	  Mul+path	  
⇥

Epp(t)⇥ r(t) =
⇥

Ep
�L

l=1 �lp(t� ⇥l) + n(t)

It	  may	   be	   difficult	   to	   recognize	   the	   first	   path,	   especially	   at	   low	   and	  
medium	  SNRs	  

	  

	  

	  

	  

	  

	  

	  

	  

	  

	  

	   	   	   	   	   	   	   	   	   	   	  	  

	   	   	   	   	   	   	   	   	   	   	  detec+on	  of	  first	  path	  may	  be	  challenging	  

M.Win,	  R.Scholtz,	  “Characteriza-on	  of	  Ultra-‐Wide	  Bandwidth	  Wireless	  Indoor	  Channels:	  A	  Communica-on-‐Theore-c	  
View”,	  IEEE	  JSAC,	  Dec.2002	  

CRB	  and	  ZZB	  for	  ML	  TOA	  Es+mator	  in	  
mul+path	  

Log-‐likelihood	  func+on	  

D.Dardari	  et	  al.,	  “Ranging	  with	  Ultrawide	  Bandwidth	  Signals	  in	  Mul-path	  Environments,”	  	  Proceedings	  of	  the	  IEEE,	  Feb.	  2009	  

Ziv-‐Zakai	  bound	  	  
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ML	  TOA	  es+ma+on	  

•  Classical	  non-‐linear	  parameter	  es+ma+on	  problem	  
•  Maximum	  likelohood	  (ML)	  TOA	  es+mator	  (matched	  filter	  and	  
maximum	  search)	  

•  It	  requires	  sampling	  at	  Nyquist	  rate	  

Energy	  detec+on-‐based	  TOA	  Es+mators	  

•  Low	  complexity	  (sub-‐Nyquist	  sampling	  rate,	  non-‐coherent)	  
•  TOA	  resolu+on	  is	  bounded	  by	  the	  ED	  integra+on	  +me	  

For Review Only
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TOA estimation

ED

(·)2 I&D Average Decision
ϵ(p,q)ijrij(t) τ̂ij(p)

Fig. 3. time-of-arrival estimation based on energy detection.

is Nmeas = NS(NS − 1)/2.3 Thus, in each configuration the
sensor radar is multistatic with a single transmitter in position
pn and multiple receivers.

IV. WAVEFORMS PROCESSING

Waveforms processing techniques, which consist in the pre-
filtering and clutter removal techniques as well as the TOA
estimator, are crucial for the quality of ranging measurements.
We now describe those waveforms processing techniques that
will be considered in the case study.
A variety of TOA estimators is present in the literature,

in particular those based on energy detection arised interest
because of sub-Nyquist sampling and non-coherent signal
reception. The energy collected in time intervals (energy bins)
is processed to determine the TOA estimate [38]. TOA esti-
mation for passive localization is affected by noise, multipath,
and clutter (i.e., signal backscattering of other objects in the
propagation environment besides that of target). Out-of-band
noise and static clutter can be mitigated by means of band-pass
zonal and frame-to-frame filtering of received waveforms.

A. Pre-filtering and Clutter Removal

The out-of-band noise can be mitigated by means of band-
pass zonal filter (BPZF), which consists in a band-pass filter
having center frequency and bandwidth as those of the trans-
mitted signal. The output of the BPZF from Npulse transmitted
pulses is given by

v(ZF)ij (t) =

Npulse−1∑

p=0

Lp∑

l=1

α(l)
ij s(t− p Tg − τ (l)

ij ) + wij(t) (9)

where s(t) is the transmitted pulse (eventually distorted by
non-ideal BPZF), Lp is the number of received multipath
components each with gain α(l)

ij and delay τ (l)
ij , Tg = 1/PRF,

and wij(t) includes the filtered noise and the filtered clutter.
There are several possible solution for clutter removal, and

the choice of the proper solution depends on the operation
environment. In case of static clutter, two simple solutions are
the empty-room technique and the frame-to-frame technique.

3By considering channel reciprocity, the ranging information obtained from
rij(t) is the same of that from rji(t)

The empty-room technique [10] consists in a setup phase
where a received signal, namely reference signal, is obtained
and recorded in the absence of target object. Such reference
signal can be obtained off-line from signal received with a high
number of pulses and it includes the time-invariant clutter. The
reference signal is then subtracted from the signal received
in the presence of target objects. This technique suffers the
presence of perturbation of the propagation environment that
are not due to the target object, therefore the reference signal
has to be obtained every time the propagation conditions
change significantly.
The frame-to-frame technique [47] exploits the amplitude

and phase variations of backscattered signals due to the
mobility of the target to discern the time-invariant clutter
from the moving target. In case of non-static clutter a residual
clutter would be present in the waveforms at the input of TOA
estimator.4

B. Time-of-Arrival Estimation

The output of pre-filtering and clutter removal provide to
the energy detector (ED) a signal given by

rij(t) =

Npulse−1∑

p=0

Lp∑

l=1

α(l)
ij s(t− p Tg − τ (l)

ij ) + nij(t) (10)

where nij(t) includes the filtered noise and the residual clutter,
if present.
Figure 3 shows the considered TOA estimator, which is

based on energy detection, averaging over multiple pulses, and
comparison with a threshold. The estimator uses a portion of
the signal vij(t) consisting of Npulse intervals with duration
Tg chosen to guarantee that each interval includes only one
received pulse and to avoid ambiguous TOA estimations.
Specifically, τ (1)

ij = τij(p) and the goal is to determine d̂ij(p)
from the estimate τ̂ (1)

ij .5 In the absence of prior information,
we consider τij(p) distributed in the interval [0, Ta], where
the maximum possible delay Ta depends on the propagation
environment. The PRF has to be chosen so that Tg > Ta.

4Non-static clutter is not considered here.
5Note that after perfect clutter removal, multipath propagation in (10)

accounts for the paths scattered by the target, which arrive at the receiver
after reflections.
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ED	  TOA	  Es+mators:	  1st	  path	  detec+on	  

	  

	  

	  

	  

	  

	  

	  

	  

	  

	  

Maximum	  Bin	  Search	  

Threshold	  Crossing	  Search	  

Jump	  Back	  and	  Search	  Forward	  

Serial	  Backward	  Search	  
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SoU-‐decision	  and	  hard-‐decision	  ranging	  
based	  on	  energy	  detec+on	  
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A/D

Ts

QID

Td

AVG

Np

Soft Decision

Likelihood Calculator

fB(b)

Λ(τ |b)

Hard Decision

Decision Algorithm

θd

τ̂

r(t) ri,p,s βi,p bi

Fig. 1. Soft-decision and hard-decision ranging based on energy detection.

let

A{a} =

{
1 for a ∈ A

0 otherwise.

The notation Ec denotes the complement of an event E .

II. RANGING SYSTEM

This section describes the energy detection principle and
formulates the statistical model for the energy samples at its
output.

A. Energy Detection

Consider a ranging system composed of a transmitter at
position pt that emits Np copies of a signal s(t) with repetition
period Tp, and a receiver at position pr.

2 The aim of the
ranging system is to detect the signal s(t) and to estimate its
TOA τ with respect to a reference time t0 from the received
signal based on Np observations each with duration Tobs.

3 The
reference time t0 can be the time at which the signal was
transmitted when the transmitter and receiver are synchronized
(e.g., TOA-based localization for network localization or radar
systems) or be the time shared among several receivers (e.g.,
for time difference-of-arrival (TDOA)-based localization sys-
tems).

For ranging techniques based on energy detection, energy
samples (namely energy bins) are collected, one for each dwell
time Td. After band-pass filtering for noise reduction (and
clutter mitigation in case of radar networks), the received
waveforms are non-coherently accumulated and processed for
soft-decision and hard-decision ranging as illustrated in Fig. 1.
The received signal can be written as

r(t) = u(t) + n(t) (1)

2Several techniques are present in literature to estimate the repetition period
of a signal when it is unknown, see e.g., [54].

3Range and TOA are used interchangeably throughout this paper since the
former is a bijective function of the latter.

where

u(t) =

∫
h(t; τ) s(t− τ) dτ (2)

is the received probe signal after propagation in a wireless
channel with impulse response h(t; τ) and n(t) is the thermal
noise component. It is first sampled by an analog-to-digital
converter (A/D) with sampling period Ts. At the sampling
instant ti,p,s = i Td + p Tp + s Ts, with i = 0, 1, . . . , Nbin − 1
and p = 0, 1, . . . , Np − 1, the sample of the received signal is
given by

ri,p,s = r (ti,p,s) = ui,p,s + ni,p,s (3)

where ui,p,s = u (ti,p,s) and ni,p,s = n (ti,p,s). After A/D
converter, waveform samples are processed by a quadrature
integration and dump (QID) block that squares and integrates
them with dwell time Td to obtain Nbin = ⌊Tobs/Td⌋ energy
bins. The ith energy bin corresponding to the pth observation
is given by

βi,p =
Nsb−1∑

s=0

r2 (ti,p,s) =
Nsb−1∑

s=0

(ui,p,s + ni,p,s)
2 . (4)

The energy bins obtained from each received waveform are
averaged over the Np observations using an averaging (AVG)
block as

bi =
1

Np

Np−1∑

p=0

βi,p (5)

resulting in a vector of energy bins b = [ b0, b1, . . . , bNbin−1 ].
The vector of energy bins at the output of the ED is used as
input for hard-decision or soft-decision ranging.

The detection of the signal s(t) and the estimation of
its TOA τ are based on the energy bin vector b. Classical
approaches follow the Bayesian hypothesis testing, involving
the comparison of the energy bins with a threshold. Such a
threshold is often chosen to obtain a constant false-alarm rate
resulting in a certain misdetection rate.4

4A false-alarm event occurs when a signal is detected from an only-noise
received waveform; a misdetection event occurs when no signal is detected
from a received waveform in the presence of the signal.

r(t) = u(t) + n(t)

u(t) =

Z
h(t; ⌧) s(t� ⌧) d⌧

ri,p,s = r (ti,p,s) = ui,p,s + ni,p,s

�i,p =
Nsb�1X

s=0

r2 (ti,p,s) =
Nsb�1X

s=0

(ui,p,s + ni,p,s)
2

bi =
1

Np

Np�1X

p=0

�i,p

✓ = [⌧ ✓h ✓d] true	  TOA,	  wireless	  channel,	  energy	  detector	  parameters	  

h(t; &) =

L(t)X

l=1

↵l(t) �(& � ⌧l(t)) wideband	  CIR	  

S.	  Bartole3	  et	  al.,	  “A	  Mathema-cal	  Model	  for	  Wideban	  Ranging,”	  	  IEEE	  J.	  of	  Select.	  Topics	  in	  Signal	  Proc.,	  Mar.	  2015	  
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Energy	  samples	  

•  Typically,	   ranging	   is	   based	   on	   hard-‐decision	   which	   provides	  
the	  TOA	  es+mate	  from	  the	  energy	  bins	  	  

•  If	   the	   distribu+on	   func+on	   of	   energy	   bins	   is	   known,	   then	   a	  
soU-‐decision	   ranging	   can	  be	   conceived	  providing	   a	  posterior	  
probability	  func+on	  of	  the	  TOA	  es+mates	  

•  Models	   for	   both	   hard-‐decision	   and	   soU-‐decision	   ranging	  
depend	  on	  the	  analysis	  of	  the	  energy	  samples	  distribu+on	  

Bi
Np

�2

|✓⇠ �2
NpNsb

(�i)

�i =

Np�1X

p=0

Nsb�1X

s=0

u2
i,p,s

�2

fBi (b|✓) =
Np

2�2
e�

bNp+�i�
2

2�2

✓
bNp

�i�2

◆NpNsb�2

4

INpNsb�2

2

 r
�ibNp

�2

!

FBi (b|✓) = e�
�i
2

+1X

r=0

(�i/2)r

r!

�
⇣

NpNsb

2 + r, bNp

2�2

⌘

�
⇣

NpNsb

2 + r
⌘

Range	  Likelihood	  

•  The	  RL	  is	  obtained	  from	  the	  observa+ons	  of	  the	  bins	  and	  their	  
distribu+on	  as	  

•  It	   can	  be	  directly	  used	   for	   localiza+on	   (localiza+on	  based	  on	  
soU-‐decision	  ranging)	  

⇤(&|b) =
QNb�1

i=0 fBi(bi|&,✓h,✓d)



8	  

Range	  Es+mate	  

•  E.g.,	  detec+on	  of	  the	  first	  arrival	  path	  à	  selec+on	  of	  the	  first	  
bin	  index	  containing	  a	  por+on	  of	  the	  signal	  

	  
•  Popular	  hard-‐decision	  algorithms:	  TCS,	  MBS,	  JBSF,	  SBS	  
•  Localiza+on	  based	  on	  hard-‐decision	  ranging	  

⌧̂ = g(̂ı)

g(̂ı) = ı̂ Td + Td/2

ı̂ 2 B = {0, 1, . . . , Nb � 1}

{⇠i}Threshold	  

Threshold	  crossing	  event	  	  
&	  PMF	  of	  selected	  bin	  

•  HD	  algorithms	  involve	  comparison	  of	  bins	  with	  thresholds	  
•  Threshold	  crossing	  event	  

	  
•  PMF	  of	  the	  selected	  bin	  

Cth = {9i 2 B : Bi > ⇠i}

P {Cth|✓} = 1�
Y

n2B
FBn (⇠n|✓)

fI(i|✓) = P {Si \ Cth|✓} /P {Cth|✓}

Si \ Cth|✓ = {i is selected, Cth|✓}
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Threshold	  crossing	  search	  

ı̂
|Cth
= min{i 2 B|bi > ⇠i}

Si \ Cth|✓ = {Bj  ⇠j 8j 2 Ii(i),Bi > ⇠i|✓}

IW (m) = B \ {m�W,m�W + 1, . . . ,m� 1}
Ic
W (m) = B\IW (m)

fI(i|✓) =
h
1� FBi (⇠i|✓)

i Y

j2Ii(i)

FBj (⇠j |✓)
h
1�

Y

n2B
FBn (⇠n|✓)

i�1

B = {0, 1, . . . , 7}
b = [0.8, 1.2, 1.3, 2.3, 2.5, 2.8, 2.4, 1.2]

⇠ = [1.3, 1.1, 0.9, 2.5, 1.4, 2.9, 1.9, 1.4]

Maximum	  bin	  search	  
IW (m) = B \ {m�W,m�W + 1, . . . ,m� 1}
Ic
W (m) = B\IW (m)

B = {0, 1, . . . , 7}
b = [0.8, 1.2, 1.3, 2.3, 2.5, 2.8, 2.4, 1.2]

⇠ = [1.3, 1.1, 0.9, 2.5, 1.4, 2.9, 1.9, 1.4]

ı̂
|Cth
= argmax

i2B
bi

Si \ Cth|✓ = {Bj  Bi8j 2 B\{i}|✓}
\{Bj  ⇠j8j 2 B,Bj  Bi8j 2 B\{i}|✓}

fI(i|✓) =
h Z +1

0

Y

j2B\{i}

FBj (b|✓) fBi(b|✓) db�
Z ⇠i

0

Y

j2B\{i}

FBj (⇠̆j(b)|✓) fBi(b|✓) db
i h

1�
Y

n2B
FBn (⇠n|✓)

i�1
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Jump	  back	  search	  forward	  (W)	  
IW (m) = B \ {m�W,m�W + 1, . . . ,m� 1}
Ic
W (m) = B\IW (m)

B = {0, 1, . . . , 7}
b = [0.8, 1.2, 1.3, 2.3, 2.5, 2.8, 2.4, 1.2]

⇠ = [1.3, 1.1, 0.9, 2.5, 1.4, 2.9, 1.9, 1.4]

ı̂
|Cth
= min{{i 2 IW (m)|bi > ⇠i} [ {m}}

Si \ Cth|✓ = Mi|✓ [Mc
i |✓

Mi|✓ = {Bj  ⇠j8j 2 IW (i),Bj  Bi8j 2 B\{i}|✓}\{Bj  ⇠j8j 2 B,Bj  Bi8j 2 B\{i}|✓}

Mc
i |✓ =

[

m2IW (i+W+1)

{Bj  ⇠j8j 2 Ii�m+W (i),Bi > ⇠i,Bj  Bm8j 2 B\{m}|✓}

fI(i|✓) =
h Z +1

0

Y

j2IW (i)

FBj (⇠̆j(b)|✓)
Y

j2Ic
W (i)\{i}

FBj (b|✓) fBi(b|✓) db�
Z ⇠i

0

Y

j2B\{i}

FBj (⇠̆j(b)|✓) fBi(b|✓) db

+
X

m2IW (i+W+1)

Z +1

⇠i

Y

j2Ii�m+W (i)

FBj (⇠̆j(b)|✓) [FBi(b|✓)� FBi(⇠i|✓)]
Y

j2Ic
i�m+W (i)\{i,m}

FBj (b|✓) fBm(b|✓) db
i h

1�
Y

n2B
FBn (⇠n|✓)

i�1

W = 3

Serial	  backward	  search	  
IW (m) = B \ {m�W,m�W + 1, . . . ,m� 1}
Ic
W (m) = B\IW (m)

B = {0, 1, . . . , 7}
b = [0.8, 1.2, 1.3, 2.3, 2.5, 2.8, 2.4, 1.2]

⇠ = [1.3, 1.1, 0.9, 2.5, 1.4, 2.9, 1.9, 1.4]

Si \ Cth|✓ = Mi|✓ [Mc
i |✓

Mi|✓ = {Bi�1  ⇠i�1 if i > 0,Bj  Bi8j 2 B\{i}|✓} {Bj  ⇠j8j 2 B,Bj  Bi8j 2 B\{i}|✓}

Mc
i |✓ =

[

m2INbin�i�1(Nbin)

{Bi�1  ⇠i�1 if i > 0, Bj > ⇠j8j 2 Im�i(m),Bj  Bm8j 2 B\{m}|✓}

ı̂
|Cth
= min{{i 2 Im(m)|bj > ⇠j , j 2 Im�i(m)} [ {m}}

fI(i|✓) =
h Z +1

0
F̆Bi�1(⇠̆i�1(b)|✓)

Y

j2B\{i�1,i}

FBj (b|✓)fBi(b|✓) db�
Z ⇠i

0

Y

j2B\{i}

FBj (⇠̆j(b)|✓) fBi(b|✓) db

+
X

m2INbin�i�1(Nbin)

Z +1

⇠̌m,i

F̆Bi�1(⇠̆i�1(b)|✓)
Y

j2Im�i(m)

[FBj (b|✓)� FBj (⇠j |✓)]
Y

j2Ic
m�i(m)\{i�1,m}

FBj (b|✓) fBm(b|✓) db
ih
1�

Y

n2B
FBn (⇠n|✓)

i�1
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TOA	  es+ma+on	  error	  

fE(e|✓d

) =
1

T
obs

Z T
obs

0

fE(e|✓d

, ⌧) d⌧

fE(e|✓d, ⌧) = E✓h{fE(e|✓)}

fE(e|✓d, ⌧) =

(
|d g�1(e+⌧)

d e |fI(g�1
(e+ ⌧)|✓d, ⌧) for e 2 E⌧

0 otherwise

fI(i|✓d, ⌧) = E✓h{fI(i|✓)}
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is larger than the temporal duration of the transmitted signal,
E
{
U2
i,p,s

}
in (34) can be written as

E
{
U2
i,p,s

}
≃ E

{ L∑

l=1

α2
l s

2(ti,p,s − τl)
}
. (36)

Therefore, the calculation of λi requires the averaging with
respect to the channel nuisance parameters αl’s and τl’s in θh.
The complexity of such calculation depends on the joint distri-
bution of L, αl’s, and τl’s. However, the resolution of the ED
is limited by the dwell time Td. Therefore, the statistics of the
energy bins can be determined by considering a tapped-delay-
line model [68]–[72]. In particular, h(t; ς) can be replaced

by h̆(t; ς) =
∑L̆

l=1 ᾰlδ(ς − τ̆l), where L̆ is a deterministic

number of path, τ̆l = τ + l∆ with ∆ deterministic, and L̆∆
is the approximate dispersion of the channel.12 This results in

E
{
U2
i,p,s

}
≃

L̆∑

l=1

E
{
ᾰ2
l

}
s2(ti,p,s − τ̆l) . (37)

Substituting (37) in (34), the expected value of the noncen-
trality parameter for the ith bin becomes

λi =

Np−1∑

p=0

Nsb−1∑

s=0

L̆∑

l=1

E
{
ᾰ2
l

}

σ2
s2(ti,p,s − τ̆l) . (38)

Using (38) instead of λi in all the above distributions, one
can obtain the tractable range information model that depends
only on θ instead of θ. For instance, Bi can be approximated
by Bi with conditional CDF given by

FBi
(b|θ) = Φ

⎛

⎝bNp/σ2 −NpNsb − λi√
2(NpNsb + 2λi)

⎞

⎠ (39)

which is obtained from (31) by replacing λi with λi. Figure 3
shows the CDF of the energy bin for different numbers of
observations and dwell times with received signal-to-noise
ratio (SNR) per pulse γ = −20dB according to the IEEE
802.15.4a standard for indoor residential line-of-sight (LOS)
environments [57]. More details about the scenario will be
provided in Section VI-B where the case study is presented. It
can be observed that the theoretical CDF of the bin value (39)
accurately describes the empirical CDF obtained by sample-
level simulations.

Using the results in this section, tractable expressions of
the distribution of the TOA estimation error can be derived
for hard-decision algorithms. In particular, substituting the
PDF and CDF of Bi given respectively by (10) and (11) into
the conditional PMF fI(i|θ) in Sec. III-B for specific hard-
decision algorithms, and replacing each λi with λi, (28) is
simplified into a tractable form.

Remark 7: The parameters λi’s depend on θh through L̆,
the statistics of ᾰl, and ∆. The λi’s depend on θd through Nsb

and ti,p,s, which further depends on Td, Tp, and Ts.

12For example, ∆ can be chosen as the dwell time, the inverse of the
bandwidth, or the average interarrival time of the paths.
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Fig. 3. Example CDF of the energy bin value for different values of Np and
Td with γ = −20 dB: (1) Np = 128, Td = 2ns; (2) Np = 16, Td = 2ns; (3)
Np = 128, Td = 4ns; (4) Np = 16, Td = 4ns. Simulation results are shown
in symbols and theoretical results according to (39) are shown in solid lines.

V. DESIGN OF THE ENERGY DETECTOR

This section aims to present the design of energy detection
algorithms based on the proposed range information model.
Such a model enables us to determine ED parameters (e.g.,
the choice of the thresholds, window length, and dwell time)
according to different optimization criteria and constraints.

The design of ED commonly involves the probability of
detection and that of false-alarm. The detection event occurs
when, in a presence of the transmitted signal, the presence
of the signal is correctly detected. The probability of such an
event is given by

Pd(θd) =
∑

i∈B

f̌I(i|θd,λ ̸= 0) . (40)

The false-alarm event occurs when, in an absence of the
transmitted signal, the presence of the signal is incorrectly
detected due to noise. The probability of such an event is
given by

Pfa(θd) =
∑

i∈B

f̌I(i|θd,λ = 0) . (41)

For a given minimum tolerable level of detection probability
P ⋆

d or maximum tolerable level of false-alarm probability P ⋆
fa,

constraints on parameters value θd can be obtained.13

An important metric for ED design is the mean squared
error (MSE) of the TOA estimate. When conditioned on the
detection of the transmitted signal, the MSE of the TOA
estimate is given by

ϱt(θd) =

∫ +∞

−∞
e2fE (e|θd) de . (42)

13For example, Pfa(θd) is non-increasing with the threshold ξ and therefore
a minimum value ξfa can be determined for a given P ⋆

fa .
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Fig. 2. Example PMF of the selected bin index for the TCS (top left), MBS (top right), JBSF with W = 5 (bottom left), and SBS (bottom right) algorithms
with Td = 2 ns, Np = 128, and γ = −10 dB. The first bin containing the transmitted signal has index i = 20.

This leads to (23), at the top of previous page.7 Note that
JBSF with W = 0 corresponds to MBS. In such a case, (23)
degenerates to (19).

4) Serial Backward Search: The SBS algorithm first identi-
fies the bin index m corresponding to the maximum bin value,
and searches backward for each bin value bi that crosses a
threshold ξi for all i ∈ Im(m). The algorithm then selects,
if Cth occurs, the bin index ı̂ as the the smallest i for which
bj > ξj for all j ∈ Im−i(m) or as m if none of them crosses
the threshold. Mathematically,

ı̂
|Cth
= min{{i ∈ Im(m)|bj > ξj , j ∈ Im−i(m)} ∪ {m}} .

(24)

The PMF of the selected bin index I conditioned on Cth and
θ is given by (12) with the events as in (21). In particular,

Mi|θ = {Bi−1 ≤ ξi−1 if i > 0,Bj ≤ Bi∀j ∈ B\{i}|θ}

\{Bj ≤ ξj∀j ∈ B,Bj ≤ Bi∀j ∈ B\{i}|θ} (25a)

Mc
i|θ =

⋃

m∈INbin−i−1(Nbin)

{Bi−1 ≤ ξi−1 if i > 0, (25b)

Bj > ξj∀j ∈ Im−i(m),Bj ≤ Bm∀j ∈ B\{m}|θ} .

This leads to (26), at the top of previous page, with

F̆Bk
(x|θ) =

{
FBk

(x|θ) for k ∈ B

1 for k /∈ B

and ξ̌m,i = max{ξj∀j ∈ Im−i(m)}.
To clarify how the algorithms TCS, MBS, JBSF, and

SBS operate, consider a simple case of Nbin = 8 bins
(i.e., B = {0, 1, . . . , 7}) with a vector of bin instantiations
b = [0.8, 1.2, 1.3, 2.3, 2.5, 2.8, 2.4, 1.2] and a vector of thresh-
olds ξ = [1.3, 1.1, 0.9, 2.5, 1.4, 2.9, 1.9, 1.4]. Note that the

7The product is equal to 1 and the sum is equal to 0 if evaluated over an
empty index set.

threshold crossing event is true (bins with index 1, 2, 4, and 6
cross the corresponding threshold) and the algorithms select a
bin index ı̂ according to (14), (17), (20), and (24). In particular,
ı̂ = 1, 5, 2, and 4 for TCS, MBS, JBSF with W = 3, and SBS,
respectively.

The distribution fI(i|θ) of the selected bin index for others
detection algorithms can be derived from a combination of
results in (16), (19), (23), and (26).

Remark 3: The PMF fI(i|θ) for TCS, MBS, JBSF, and SBS
is conditioned on the threshold crossing event Cth given θ.
Expressions for the joint PMF of I and Cth for those algorithms
are given by f̌I(i|θ) = fI(i|θ)

[
1−

∏
n∈B FBn

(ξn|θ)
]
.

Figure 2 shows examples of PMF fI(i|θ) for the TCS, MBS,
JBSF with W = 5, and SBS algorithms with Td = 2ns,
Np = 128, and γ = −10dB, according to the IEEE 802.15.4a
standard for indoor propagation [57]. It can be observed that
the PMFs predicted based on the proposed range information
model are in agreement with those obtained through sample-
level simulations (i.e., simulating the wireless channel and the
ED operation). In particular, theory and simulations show the
same bin index for which the PMF reaches its maximum value.

We now determine the distribution of the TOA estimation
error, which depends on the particular hard-decision algorithm.
The TOA estimation error e(τ) = τ̂ − τ is an instantiation of
the RV E = T − τ , and thus

fE(e|θ) = fT(e+ τ |θ) . (26)

In the absence of prior information on the wireless environ-
ment, the true TOA can be modeled as a uniform RV over the
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The received signal is processed for soft-decision and hard-
decision ranging based on energy detection with observation
time Tobs = 1/fpr. In the case of hard-decision, ξi = ξ ∀i ∈ B
is considered for illustration.15 The received SNR per pulse
is γ = Eu/N0 where Eu is the energy of the received signal
component u(t) and N0 is the one-sided power spectral density
(PSD) of the noise component. The noise has mean zero
and variance σ2 = N0B where B is the bandwidth of the
transmitted signal that depends on the emission masks. Unless
otherwise stated, the results provided in the following are
provided for an emission mask as defined by the Federal
Communication Commission with B = 7.5GHz, a number
of bins Nbin = 75, and a dwell time Td = 2 ns. The threshold
ξ is chosen according to (44) as the one minimizing the
TOA estimation MSE for a minimum allowable detection
probability P ⋆

d = 95%.

C. Performance Results

Table I provides the JSD, RMSE, and maximum error
between the PMF fI(i|θ) of the selected bin obtained from
the proposed range information model (i.e., (16), (19), (23),
or (26)) and that obtained through sample-level simulations of
ED operation for TCS, MBS, JBSF with W = 5, and SBS
hard-decision algorithms with different values of Np and of
γ. It can be noticed that the proposed model for fI(i|θ) is
accurate and has a small distance from the empirical PMF in
all the configurations.

Figures 4(a), 4(b), 4(c), and 4(d) respectively show the CDF
of the TOA estimation error (28) for TCS, MBS, JBSF with
W = 5, and SBS hard-decision algorithms with different
values of Np and of γ. Results obtained from the proposed
range information model are compared with those obtained
through sample-level simulations. Two different regions can
be discerned for the TOA estimation error: the negative values
of TOA estimation error (light gray region) are due to early
detection caused by the noise. The positive values of TOA
estimation error (light blue region) are due to late detection
caused by the wireless channel. It can be observed that the
results obtained from the proposed range information model
are in agreement with those obtained through sample-level
simulations in both early detection and late detection areas
in the various settings. It can also be observed that the
four hard-decision algorithms show different behaviors in the
region of early detection, in which the error is due to false
alarms. This is due to the fact that the threshold is chosen by
minimizing the MSE of the TOA estimate with a constraint on
the minimum allowable detection probability. Note that, while
practical systems operate with high Np values, a conservative
scenario with small Np values up to 128 is considered here to
verify the accuracy of the proposed range information model.
Nevertheless, with Np = 128 and γ = −10 dB per pulse,
the absolute error of the TOA estimate is evaluated to be

15The value ξ is commonly chosen by accounting only for the randomness
of the noise and discarding that of multipath propagation [67]–[71]. Alterna-
tively, in [20], a simple criterion to determine a threshold is proposed based
on the probability of early detection and on the knowledge of noise power. In
contrast, the proposed range information model enables us to chose a threshold
that accounts for the randomness of the wireless environments.

TABLE I
DJS {p1, p2} (TOP), DRMSE {p1, p2} (MIDDLE), AND DME {p1, p2}

(BOTTOM) FOR THEORETICAL AND SIMULATED PMF OF THE SELECTED

BIN FOR HARD-DECISION ALGORITHMS.

Np = 16 Np = 128

γ = −20 dB γ = −10 dB γ = −20 dB γ = −10 dB

TCS 0.015 0.013 0.017 0.009

MBS 0.009 0.013 0.010 0.016

JBSF 0.009 0.012 0.010 0.015

SBS 0.009 0.012 0.010 0.015

Np = 16 Np = 128

γ = −20 dB γ = −10 dB γ = −20 dB γ = −10 dB

TCS 0.006 0.007 0.006 0.011

MBS 0.004 0.006 0.004 0.012

JBSF 0.004 0.006 0.004 0.009

SBS 0.004 0.006 0.004 0.010

Np = 16 Np = 128

γ = −20 dB γ = −10 dB γ = −20 dB γ = −10 dB

TCS 0.023 0.037 0.028 0.061

MBS 0.010 0.040 0.011 0.089

JBSF 0.010 0.040 0.010 0.054

SBS 0.010 0.038 0.010 0.070

below 3.33 ns (corresponding to about 1m) in 72%, 56%,
73%, and 61% of the instances for TCS, MBS, JBSF, and
SBS, respectively. The absolute error of the TOA estimate is
evaluated to be below 5 ns (corresponding to about 1.5m) in
79%, 79%, 81%, and 80% of the instances for TCS, MBS,
JBSF, and SBS, respectively.

Fig. 5 shows the unconditional RMSE of the TOA estimate
for the TCS algorithm as a function of the threshold-to-
noise ratio (TNR) per pulse ξ/(Np σ2) for different values

of Np and γ. The unconditional RMSE is defined as
√
υt(θd)

where υt(θd) is given in (48) with ν(θd) = T 2
obs, which is

the maximum possible MSE. It can be seen that the results
obtained from the proposed range information model are in
agreement with those obtained by sample-level simulations.
In particular, the proposed model enables us to determine
the optimal TNR value that minimizes the RMSE, which is
important for ED design. It can also be observed that the
minimum RMSE decreases with Np for a given γ. On the
other hand, the RMSE varies more rapidly with TNR as Np

increases making the choice of the optimal threshold more
critical.

Fig. 6 shows the unconditional RMSE of the TOA esti-
mate for the TCS algorithm as a function of the TNR per
pulse ξ/(Np σ2) for different emitted masks, Np = 16, and
γ = −10 dB. In particular, emission masks compliant with the
regulations of the following countries are considered: (a) China
(B = 0.6GHz); (b) Japan (B = 1.4GHz); (c) Europe lower
band/Korea (B = 1.7GHz); and (d) USA (B = 7.5GHz). It
can be observed that the results obtained from the proposed
range information model are in agreement with those obtained
through sample-level simulations for all the values of the
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Recalling that the TOA estimation error belongs to a finite set
Eτ , the MSE of the TOA estimate for hard-decision algorithms
can be written as

ϱt(θd) =
1

Tobs

Nb−1∑

i=0

∫ Tobs

0
(g(i)− τ)2fI(i|θd, τ)dτ . (43)

The design of an ED minimizing the MSE of the TOA
estimate with a guaranteed minimum level of detection prob-
ability can be obtained by solving the following constrained
optimization problem

θ̂d = argmin
{θd :Pd(θd)≥P⋆

d }
ϱt(θd) . (44)

Instead of guaranteeing a minimum detection probability, the
design of an ED can minimize the MSE of the TOA estimate
with a guaranteed maximum level of false-alarm probability
as

θ̂d = argmin
{θd :Pfa(θd)≤P⋆

fa}
ϱt(θd) . (45)

The design of an ED can also be formulated to maximize the
detection probability Pd(θd) for a given maximum tolerable
MSE ϱ⋆t of the TOA estimate, i.e.,

θ̂d = argmax
{θd : ϱt(θd)≤ϱ⋆

t }
Pd(θd) . (46)

Alternatively, the ED design can be based on a hybrid objective
function where the optimization problem is formulated to
minimize a metric involving the MSE of the TOA estimate
and a penalty. The mathematical formulation of such an
optimization problem can be written as

θ̂d = argmin
θd

υt(θd) (47)

where

υt(θd) = ϱt(θd)Pd(θd) + ν(θd)
[
1− Pd(θd)

]
(48)

is the unconditional MSE of the TOA estimate and ν(θd) is a
penalty in an absence of detection.14

The above optimization problems are typical examples for
the design of a ranging system. However, the proposed range
information model is general and can be used to formulate
other optimization problems that arise from energy detection
applications.

VI. CASE STUDY

This section defines the performance metrics, describes the
case study scenario, and presents performance results based
on the developed theory and sample-level simulations.

A. Performance Metrics

Performance of the proposed range information model is
evaluated in terms of the PMF accuracy, ranging accuracy,
and localization accuracy defined as follows.

14The penalty ν(θd) can be chosen as a function of the detection proba-
bility.

1) PMF accuracy: The following metrics will be used as
a measure of the distance between the PMF fI(i|θ) of the
selected bin obtained from the proposed range information
model and that obtained through sample-level simulations. Let
p1, p2 be two possible PMFs representing a RV taking values
on a set X , e.g., one approximate and one exact. The Jensen–
Shannon divergence (JSD) is defined as [73]

DJS {p1, p2} =
1

2

∑

i∈X

p1(i) log

(
2 p1(i)

p1(i) + p2(i)

)

+
1

2

∑

i∈X

p2(i) log

(
2 p2(i)

p1(i) + p2(i)

)
. (49)

Other important metrics are the root-mean-square error
(RMSE), which is defined as

DRMSE {p1, p2} =

[
1

|X |

∑

i∈X

|p1(i)− p2(i)|
2

]1/2

(50)

and the maximum error, which is defined as

DME {p1, p2} = max
i∈X

{|p1(i)− p2(i)|} . (51)

2) Ranging Accuracy: The ranging accuracy is determined
in terms of CDF of the TOA estimation error FE(e|θd) and
in terms of RMSE of the TOA estimate ρt(θd) =

√
ϱt(θd).

The CDF FE(e|θd) and the RMSE ρt(θd) are obtained starting
from (27) and (42), respectively.

3) Localization Accuracy: The localization accuracy is
determined in terms of the localization error outage (LEO).
The LEO is defined as the probability that the localization
error is above a maximum tolerable value ϵ⋆, i.e.,

Po(θd) = Eθh

{
(ϵ⋆,+∞){ϵ(p|θ)}

}
(52)

where, for a set A,

A{a} =

{
1 for a ∈ A

0 otherwise

and ϵ(p|θ) = ∥p̂(θ) − p∥ is the absolute value of the
localization error, in which p̂(θ) and p are the estimated
position and the true position, respectively.

B. Wireless Scenario and Energy Detector Setting

Consider a network of anchors (nodes with known position)
aiming to localize agents (nodes in unknown positions) in
an indoor environment. Specifically, the network is composed
of four anchors located at the corners of a square with side
length equal to 10m. Each anchor emits a sequence of
ultra-wideband (UWB) root-raised cosine pulses with pulse
repetition period Tpr = 150 ns. The transmitted power spectral
density is compliant with the emission masks according to
the following regulations: (a) Japan (Asia Pacific Telecom-
munity); (b) Europe (European Telecommunications Standards
Institute) and Korea (Asia Pacific Telecommunity); (c) USA
(Federal Communication Commission); and (d) China (Asia
Pacific Telecommunity). The wireless medium follows the
IEEE 802.15.4a channel model for UWB indoor residential
LOS environments [57] with Ta = 50 ns.
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Recalling that the TOA estimation error belongs to a finite set
Eτ , the MSE of the TOA estimate for hard-decision algorithms
can be written as

ϱt(θd) =
1

Tobs

Nb−1∑

i=0

∫ Tobs

0
(g(i)− τ)2fI(i|θd, τ)dτ . (43)

The design of an ED minimizing the MSE of the TOA
estimate with a guaranteed minimum level of detection prob-
ability can be obtained by solving the following constrained
optimization problem

θ̂d = argmin
{θd :Pd(θd)≥P⋆

d }
ϱt(θd) . (44)

Instead of guaranteeing a minimum detection probability, the
design of an ED can minimize the MSE of the TOA estimate
with a guaranteed maximum level of false-alarm probability
as

θ̂d = argmin
{θd :Pfa(θd)≤P⋆

fa}
ϱt(θd) . (45)

The design of an ED can also be formulated to maximize the
detection probability Pd(θd) for a given maximum tolerable
MSE ϱ⋆t of the TOA estimate, i.e.,

θ̂d = argmax
{θd : ϱt(θd)≤ϱ⋆

t }
Pd(θd) . (46)

Alternatively, the ED design can be based on a hybrid objective
function where the optimization problem is formulated to
minimize a metric involving the MSE of the TOA estimate
and a penalty. The mathematical formulation of such an
optimization problem can be written as

θ̂d = argmin
θd

υt(θd) (47)

where

υt(θd) = ϱt(θd)Pd(θd) + ν(θd)
[
1− Pd(θd)

]
(48)

is the unconditional MSE of the TOA estimate and ν(θd) is a
penalty in an absence of detection.14

The above optimization problems are typical examples for
the design of a ranging system. However, the proposed range
information model is general and can be used to formulate
other optimization problems that arise from energy detection
applications.

VI. CASE STUDY

This section defines the performance metrics, describes the
case study scenario, and presents performance results based
on the developed theory and sample-level simulations.

A. Performance Metrics

Performance of the proposed range information model is
evaluated in terms of the PMF accuracy, ranging accuracy,
and localization accuracy defined as follows.

14The penalty ν(θd) can be chosen as a function of the detection proba-
bility.

1) PMF accuracy: The following metrics will be used as
a measure of the distance between the PMF fI(i|θ) of the
selected bin obtained from the proposed range information
model and that obtained through sample-level simulations. Let
p1, p2 be two possible PMFs representing a RV taking values
on a set X , e.g., one approximate and one exact. The Jensen–
Shannon divergence (JSD) is defined as [73]

DJS {p1, p2} =
1

2
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i∈X

p1(i) log
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2 p1(i)

p1(i) + p2(i)
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+
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p2(i) log

(
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. (49)

Other important metrics are the root-mean-square error
(RMSE), which is defined as

DRMSE {p1, p2} =

[
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|p1(i)− p2(i)|
2
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(50)

and the maximum error, which is defined as

DME {p1, p2} = max
i∈X

{|p1(i)− p2(i)|} . (51)

2) Ranging Accuracy: The ranging accuracy is determined
in terms of CDF of the TOA estimation error FE(e|θd) and
in terms of RMSE of the TOA estimate ρt(θd) =

√
ϱt(θd).

The CDF FE(e|θd) and the RMSE ρt(θd) are obtained starting
from (27) and (42), respectively.

3) Localization Accuracy: The localization accuracy is
determined in terms of the localization error outage (LEO).
The LEO is defined as the probability that the localization
error is above a maximum tolerable value ϵ⋆, i.e.,

Po(θd) = Eθh
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(ϵ⋆,+∞){ϵ(p|θ)}

}
(52)

where, for a set A,

A{a} =

{
1 for a ∈ A

0 otherwise

and ϵ(p|θ) = ∥p̂(θ) − p∥ is the absolute value of the
localization error, in which p̂(θ) and p are the estimated
position and the true position, respectively.

B. Wireless Scenario and Energy Detector Setting

Consider a network of anchors (nodes with known position)
aiming to localize agents (nodes in unknown positions) in
an indoor environment. Specifically, the network is composed
of four anchors located at the corners of a square with side
length equal to 10m. Each anchor emits a sequence of
ultra-wideband (UWB) root-raised cosine pulses with pulse
repetition period Tpr = 150 ns. The transmitted power spectral
density is compliant with the emission masks according to
the following regulations: (a) Japan (Asia Pacific Telecom-
munity); (b) Europe (European Telecommunications Standards
Institute) and Korea (Asia Pacific Telecommunity); (c) USA
(Federal Communication Commission); and (d) China (Asia
Pacific Telecommunity). The wireless medium follows the
IEEE 802.15.4a channel model for UWB indoor residential
LOS environments [57] with Ta = 50 ns.
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Recalling that the TOA estimation error belongs to a finite set
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can be written as
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∫ Tobs

0
(g(i)− τ)2fI(i|θd, τ)dτ . (43)

The design of an ED minimizing the MSE of the TOA
estimate with a guaranteed minimum level of detection prob-
ability can be obtained by solving the following constrained
optimization problem

θ̂d = argmin
{θd :Pd(θd)≥P⋆

d }
ϱt(θd) . (44)

Instead of guaranteeing a minimum detection probability, the
design of an ED can minimize the MSE of the TOA estimate
with a guaranteed maximum level of false-alarm probability
as

θ̂d = argmin
{θd :Pfa(θd)≤P⋆

fa}
ϱt(θd) . (45)

The design of an ED can also be formulated to maximize the
detection probability Pd(θd) for a given maximum tolerable
MSE ϱ⋆t of the TOA estimate, i.e.,

θ̂d = argmax
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Alternatively, the ED design can be based on a hybrid objective
function where the optimization problem is formulated to
minimize a metric involving the MSE of the TOA estimate
and a penalty. The mathematical formulation of such an
optimization problem can be written as

θ̂d = argmin
θd

υt(θd) (47)

where

υt(θd) = ϱt(θd)Pd(θd) + ν(θd)
[
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]
(48)

is the unconditional MSE of the TOA estimate and ν(θd) is a
penalty in an absence of detection.14

The above optimization problems are typical examples for
the design of a ranging system. However, the proposed range
information model is general and can be used to formulate
other optimization problems that arise from energy detection
applications.
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This section defines the performance metrics, describes the
case study scenario, and presents performance results based
on the developed theory and sample-level simulations.
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Performance of the proposed range information model is
evaluated in terms of the PMF accuracy, ranging accuracy,
and localization accuracy defined as follows.

14The penalty ν(θd) can be chosen as a function of the detection proba-
bility.

1) PMF accuracy: The following metrics will be used as
a measure of the distance between the PMF fI(i|θ) of the
selected bin obtained from the proposed range information
model and that obtained through sample-level simulations. Let
p1, p2 be two possible PMFs representing a RV taking values
on a set X , e.g., one approximate and one exact. The Jensen–
Shannon divergence (JSD) is defined as [73]
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and the maximum error, which is defined as

DME {p1, p2} = max
i∈X

{|p1(i)− p2(i)|} . (51)
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ϱt(θd).

The CDF FE(e|θd) and the RMSE ρt(θd) are obtained starting
from (27) and (42), respectively.

3) Localization Accuracy: The localization accuracy is
determined in terms of the localization error outage (LEO).
The LEO is defined as the probability that the localization
error is above a maximum tolerable value ϵ⋆, i.e.,

Po(θd) = Eθh

{
(ϵ⋆,+∞){ϵ(p|θ)}

}
(52)

where, for a set A,

A{a} =

{
1 for a ∈ A

0 otherwise

and ϵ(p|θ) = ∥p̂(θ) − p∥ is the absolute value of the
localization error, in which p̂(θ) and p are the estimated
position and the true position, respectively.

B. Wireless Scenario and Energy Detector Setting

Consider a network of anchors (nodes with known position)
aiming to localize agents (nodes in unknown positions) in
an indoor environment. Specifically, the network is composed
of four anchors located at the corners of a square with side
length equal to 10m. Each anchor emits a sequence of
ultra-wideband (UWB) root-raised cosine pulses with pulse
repetition period Tpr = 150 ns. The transmitted power spectral
density is compliant with the emission masks according to
the following regulations: (a) Japan (Asia Pacific Telecom-
munity); (b) Europe (European Telecommunications Standards
Institute) and Korea (Asia Pacific Telecommunity); (c) USA
(Federal Communication Commission); and (d) China (Asia
Pacific Telecommunity). The wireless medium follows the
IEEE 802.15.4a channel model for UWB indoor residential
LOS environments [57] with Ta = 50 ns.
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Energy	  detector	  design	  

•  The	  proposed	  range	  informa+on	  model	  enables	  the	  design	  of	  
the	  ranging	  system.	  

•  Detec+on	  and	  false-‐alarm	  probabili+es	  

•  MSE	  of	  the	  TOA	  es+mate	  

Pd(✓d) =
X

i2B
f̌I(i|✓d,� 6= 0) Pfa(✓d) =

X

i2B
f̌I(i|✓d,� = 0)

%t(✓d) =

Z +1

�1
e2fE (e|✓d) de

ED	  design	  criteria	  

•  Different	   criteria	   for	   the	   design	   of	   ED	   parameters	   based	   on	  
the	  proposed	   range	   informa+on	  model	   (classical	   approaches	  
based	  on	  detec+on	  and	  false-‐alarm	  probabil+y	  only)	  

✓̂d = argmin
{✓d :Pd(✓d)�P?

d }
%t(✓d)

✓̂d = argmin
{✓d :Pfa(✓d)P?

fa}
%t(✓d)

ˆ✓d = argmax

{✓d : %t(✓d)%?
t }
Pd(✓d)

✓̂d = argmin
✓d

�t(✓d)

�t(✓d) = %t(✓d)Pd(✓d) + ⌫(✓d)
⇥
1� Pd(✓d)

⇤
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Fig. 4. Example CDF of the TOA estimation error for the TCS, MBS, JBSF with W = 5, and SBS algorithms with different values of Np and γ: (a)
Np = 128, γ = −10 dB; (b) Np = 16, γ = −10 dB; (c) Np = 128, γ = −20 dB; and (d) Np = 16, γ = −20 dB. Simulation results are shown in symbols
and theoretical results are shown in solid lines.

bandwidth. As in Fig. 5, the optimal TNR that minimizes the
RMSE can be obtained form the proposed range information
model. Note also that the RMSE varies more rapidly as the
bandwidth B increases.

Fig. 7 shows the LEO as a function of the target location er-
ror for soft-decision and hard-decision ranging with Td = 2 ns,
Np = 128, and SNR per pulse received at 1m γ0 = 10 dB.
The agent location is determined through maximum likelihood
algorithm. For hard-decision ranging the TCS algorithm is
considered with threshold ξ chosen according to (44) as the
one minimizing the TOA estimation MSE for a minimum
allowable detection probability P ⋆

d = 95%. It can be observed
that soft-decision significantly outperforms hard-decision. It
can also be observed that the proposed range information
model enables us to determine the performance of network

localization. In fact, the results obtained from the proposed
range information model are in agreement with those obtained
through sample-level simulations.

VII. CONCLUSION

A mathematical model for the range information as a func-
tion of wireless environment and energy detection algorithm
is derived. Such a model is tractable and serves as a corner-
stone for the design and analysis of soft-decision and hard-
decision algorithms. In particular, it enables the derivation
of explicit expressions for the range likelihood and range
estimate, as well as the distribution of the TOA estimation
error. These expressions form the basis for the design of the
ED according to different optimization criteria and physical
constraints. A case study of a sensor radar network operatingRMSE	  of	  TOA	  es+mate	  

BARTOLETTI, DAI, CONTI, AND WIN: A MATHEMATICAL MODEL FOR WIDEBAND RANGING 11

14 15 16 17 18
0

50

100

150

TNR [dB]

R
M

S
E

[n
s]

(a)

(b)

(c)

(d)

(e)

(f)

Fig. 5. RMSE of the TOA estimate as a function of TNR per pulse ξ/(Np σ2)
for γ = −20 dB and −10 dB, and different values of Np: (a) Np = 128,
γ = −20 dB; (b) Np = 16, γ = −20 dB; and (c) Np = 1, γ = −20 dB;
(d) Np = 128, γ = −10 dB; (e) Np = 16, γ = −10 dB; and (f) Np = 1,
γ = −10 dB. Simulation results are shown with symbols and theoretical
results are shown in solid lines.

in a wireless environment is presented and its performance in
terms of ranging and localization accuracy is evaluated. The
accuracy of the proposed tractable range information model
is confirmed by sample-level simulations. The results show
that soft-decision algorithms requiring only the knowledge of
channel statistics can significantly outperform hard-decision
algorithms. The use of the proposed range information model
provides a new perspective on range-based localization in
wireless environments.
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Fig. 5. RMSE of the TOA estimate as a function of TNR per pulse for
different values of Np and γ: (1) Np = 128, γ = −20 dB; (2) Np = 128,
γ = −10 dB; and (3) Np = 16, γ = −20 dB; (4) Np = 16, γ = −10 dB;
(5) Np = 1, γ = −20 dB; and (6) Np = 1, γ = −10 dB. Theoretical results
are shown in solid lines and simulation results are shown in symbols.

wideband ranging systems for soft-decision and hard-decision
localization. Using the proposed range information model, we
have obtained explicit expressions for the range likelihood and
range estimate, as well as the distribution of the range esti-
mation error. These expressions form the basis for the design
of the energy detector according to a variety of optimization
criteria and physical constraints. A case study of a localization
network operating in a wireless environment is presented and
its performance, in terms of ranging and localization accuracy,
is evaluated. The accuracy of the analysis is confirmed by
sample-level simulations. The results show that soft-decision
localization requiring only the knowledge of channel statistics
can significantly outperform hard-decision localization. The
proposed range information model provides a new perspective
on range-based localization in wireless environments.
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SPARSITY	  PROPERTY	  OF	  
LOCALIZATION	  

Power	  Alloca+on	  in	  Network	  Localiza+on	  
•  High	  accuracy	  localiza+on	  is	  crucial	  for	  numerous	  loca+on-‐based	  applica+ons	  

•  Power	   alloca+on	   not	   only	   affects	   the	   localiza+on	   accuracy,	   but	   also	  
determines	  the	  network	  life+me	  

•  The	   aim	   of	   power	   alloca+on	   is	   to	   maximize	   localiza+on	   accuracy	   under	  
transmit	  power	  constraints	  

•  Exis+ng	  works	  on	  power	  alloca+on	  for	  network	  localiza+on	  
–  Used	  heuris+c	  ideas	  and	  relaxa+on	  methods	  to	  provide	  subop+mal	  strategies	  
–  Obtained	  numerical	  results	  by	  using	  standard	  op+miza+on	  packages	  
–  Numerical	   results	   suggest	   that	   certain	   transmiGers	   are	   more	   effec+ve	   in	  
improving	  localiza+on	  accuracy	  

•  More	  insight	  is	  desirable	  for	  the	  design	  and	  opera+on	  of	  networks	  

•  Contribu+ons	  
–  Develop	  a	  unifying	  framework	  for	  power	  alloca+on	  in	  network	  localiza+on	  
–  Develop	   an	   algebraic	  method	   to	   obtain	   op+mal	   strategies	   for	   power	   alloca+on	  
problem	  analy+cally	  



Outline	  

•  Background	  

•  Problem	  Formula+on	  

•  Sparsity	  of	  Op+mal	  Power	  Alloca+on	  Vector	  

•  Op+mal	  Power	  Alloca+on	  Strategies	  

•  Numerical	  Results	  

•  Conclusion	  

System	  Model	  
•  Wireless	  Network	  Localiza+on	  (WNL):	  determine	  the	  agent’s	  posi+on	  based	  
on	  ranging	  measurements	  with	  respect	  to	  anchors	  

•  System	  Model	  
–  	  	  	  	  	  	  	  anchors	  with	  loca+on	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  agent	  posi+on	  	  
–  distance	  between	  anchor	  	  	  	  	  and	  the	  agent	  
–  ranging	  coefficient	  (RC)	  
–  power	  alloca+on	  vector	  

	  	  Anchor	  (known	  loca+on)	  

	  	  Agent	  (Unknown	  loca+on)	  

ppj 2 Rd

j

⇣j

dj

x := [x1, x2, · · · , xNb ]
T

Nb



System	  Model	  
•  Square	  posi+on	  error	  bound	  (SPEB)	  

–  A	  lower	  bound	  of	  the	  mean	  square	  error,	  i.e.,	  	  
	  
	  
where	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  the	  equivalent	  Fisher	  informa2on	  matrix	  (EFIM)	  

•  The	  EFIM	  is	  a	  	  	  	  	  	  	  	  	  	  	  	  matrix	  for	  the	  agent’s	  posi+on	  

•  Problem	  Formula+on:	  minimize	  SPEB	  under	  a	  total	  power	  constraint	  

P(p;x) := tr
�
J

�1
e (p;x)

 
 E

�
kp̂� pk2

 

Je(p;x)

d⇥ d

amplitude	  loss	  exponent	  sum	  over	  anchors	  

Je(p;x) =
NbX

k=1

xk · ⇣k

d

2�
k

· uku
T
k

total	  power	  constraint	  

min
{x}

tr
�
J

�1
e (x)

 

s.t. 1

T · x  1

x ⌫ 0

angle	  vector	  
uk = (p� pk)/dk

System	  Model	  
•  Radar	  Network	  Localiza+on	  (RNL):	  obtain	  the	  posi+on	  of	  the	  target	  based	  on	  
ranging	   measurements	   of	   total	   distance	   from	   transmiGers	   to	   receivers	  
reflected	  by	  the	  target	  	  

•  System	  Model	  
–  	  	  	  	  	  	  transmit	  antennas	  and	  	  	  	  	  	  	  receive	  antennas	  with	  posi+on	  	  	  	  	  	  ,	  target	  posi+on	  
–  distance	  between	  antenna	  	  	  	  and	  the	  target:	  
–  ranging	  coefficient	  (RC)	  
–  power	  allocated	  to	  transmit	  antenna	  	  	  	  	  :	  	  

	  TransmiGer	  (known	  loca+on)	  
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System	  Model	  
•  Square	  posi+on	  error	  bound	  (SPEB)	  

–  A	  lower	  bound	  of	  the	  mean	  square	  error,	  i.e.,	  	  
	  
	  
where	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  the	  equivalent	  Fisher	  informa2on	  matrix	  (EFIM)	  

•  The	  EFIM	  is	  a	  	  	  	  	  	  	  	  	  	  	  matrix	  for	  the	  agent’s	  posi+on	  

•  Problem	  Formula+on:	  minimize	  SPEB	  under	  a	  total	  power	  constraint	  
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Unifica+on	  of	  Power	  Alloca+on	  Problem	  
•  Comparison	  of	  SPEB	  and	  FIM	  for	  WNL	  and	  RNL	  

	  

•  Power	  Alloca+on	  Problem:	  minimize	  SPEB	  under	  a	  total	  power	  constraint	  
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Prior	  Posi+onal	  Knowledge	  	  
•  A	   prior	   posi+onal	   knowledge	   can	   improve	   the	   localiza+on	   accuracy	   and	   is	  
useful	  for	  a	  wide	  range	  applica+ons	  such	  as	  tracking	  and	  naviga+on	  

•  When	  prior	  posi+onal	  knowledge	  of	   the	  agent/target	   is	  available,	   the	  SPEB	  
can	  be	  approximated	  as	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  where	  	  	  

	  
	  
	  
	  

•  Power	  Alloca+on	  Problem	  with	  Prior	  Posi+onal	  Knowledge	  

are	  evaluated	  at	  	  and	  

posi+on	  

⇠kj ukj

p̄ = E{p}

Pp(x) = tr
�
J

�1
p (x)

 

Pp : min
{x}

tr
�
J

�1
p (x)

 

s.t. 1

T · x  1

x ⌫ 0

	  	  

Prior	  posi+onal	  knowledge	  

Jp(x) = J0 +
X

j2N1

X

k2N2

⇠kjxj · ukju
T
kj
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The	  Sparsity	  of	  Op+mal	  Power	  Alloca+on	  
•  Main	  theorem:	  For	   	   	   -‐dimensional	  network,	  there	  exist	  an	  op+mal	  solu+on	  	  	  	  	  	  
of	  	  	  	  	  	  (or	  	  	  	  	  	  	  )	  such	  that	  	  

	  

	  
	  

•  At	  most	   	   	   	   	   	   	   	   transmi[ng	  nodes	  need	   to	  be	   ac+vated	   for	   achieving	   the	  
op+mal	   localiza+on	   accuracy	   (i.e.,	   the	   minimum	   SPEB)	   in	   	   -‐dimensional	  
networks	  (e.g.,	  3	  transmi[ng	  nodes	  for	  2-‐D	  networks	  and	  6	  for	  3-‐D)	  under	  a	  
total	  power	  constraint	  

•  Remark:	  
–  Only	   a	   small	   subset	  of	   transmi[ng	  nodes	  need	   to	  be	   ac+vated	   for	   the	  op+mal	  
localiza+on	  accuracy	  

–  Sparsity-‐inspired	  power	  alloca+on	  strategies	  

x

⇤

P

d

✓
d + 1

2

◆

kx⇤k0 
✓
d+ 1

2

◆

d

Pp
Zero-‐norm:	  The	  number	  
of	  non-‐zero	  elements	  

The	  Sparsity	  of	  Op+mal	  Power	  Alloca+on	  
•  Illustra+on:	  Sparsity	  of	  op+mal	  power	  alloca+on	  in	  WNL	  

–  Some	  anchors	  contribute	  more	  to	  improve	  localiza+on	  accuracy	  
–  closer	  to	  the	  agent,	  good	  channel	  condi+on,	  and	  forming	  a	  “good”	  topology	  

far	  from	  the	  agent	  

bad	  topology	  

bad	  channel	  condi+on	  

	  Anchor	  (known	  loca+on)	  

	  Agent	  (unknown	  loca+on)	  
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Power	  Alloca+on	  Strategies:	  2-‐D	  networks	  
•  Since	   at	   most	   three	   ac+ve	   transmi[ng	   nodes	   are	   needed	   to	   achieve	   the	  
op+mal	   localiza+on	   accuracy,	   we	   start	   with	   a	   network	   with	   three	  
transmi[ng	  nodes.	  

•  We	  will	  first	  develop	  strategies	  for	  	  	  	  	  and	  then	  transform	  the	  problem	  	  	  	  	  	  	  	  to	  	  

Simple	  Networks	   P

General	  Networks	  

Pp

Transforma+on	  

P Pp P



SPEB	  in	  2-‐D	  Networks	  
•  Nota+ons	  

–  	  	  
–  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  where	  	  	  
–  Topology	  matrix	  matrix	  	  	  	  	  	  is	  a	  	  	  	  	  	  	  	  	  by	  	  	  	  	  	  	  	  	  symmetric	  matrix,	  given	  by	  

•  SPEB	  in	  2-‐D	  networks	  is	  given	  by	  	  

	  

	  

•  SPEB	  Proper+es	  
–  	  	  	  	  	  	  	  	  	  	  is	  a	  convex	  func+on	  of	  
–  	  	  	  	  	  	  	  	  	  	  is	  a	  non	  increasing	  func+on	  in	  
–  Low	  rank	  property	  of	  topology	  matrix	  	  	  	  	  	  :	  

P(x) = tr
n

�

X

j2N1

X

k2N2

⇠kjxj · ukju
T
kj

��1
o

=
4 · 1T

Rx

x

T
R

T
⇤Rx

ukj = [ cos�kj sin�kj ]
T

R = [R1 R2 · · · Rn ]T Rk = diag{⇠k1, ⇠k2, · · · , ⇠km}
⇤ mn mn

[⇤](i�1)m+j,(k�1)m+l = 2 sin2(�ij � �kl)
1  j, l  m

1  i, k  n

P(x) x

P(x)
x

⇤ rank(⇤)  3

Power	  Alloca+on	  Strategy:	  Simple	  Networks	  
•  The	  methodology	  is	  to	  check	  Karush-‐Kuhn-‐Tucker	  condi+ons	  

•  	  The	  algorithm	  can	  be	  extended	  to	  the	  general	  case,	  with	  complexity	  

c =

s
1

1T(R⇤R)�11

A =
2c

1T(RT⇤R)�1(RT 1 + c1)First	  check	  how	  
many	  ac+ve	  
transmi[ng	  nodes	  
are	  needed	  

Provide	  the	  op+mal	  
strategy	  accordingly	  

6

rank{RTΛR} = 3
1T (RTΛR)−11 > 0

(RTΛR)−1(RT1 + c1) ≻ 0

YesNo

YesNo

PAV x∗ is given by

x = A
2c (R

TΛR)−1(RT1 + c1)

There exist x such that

and x1 + x2 = 1

∂ P(x)
∂ x1

= ∂ P(x)
∂ x2

< ∂ P(x)
∂ x3

Only one transmitting

node is used.

x∗ is obtained by solving

a quadratic equation.

Fig. 3. Flowchart of the optimal power allocation strategy

region relative to the anchors/antennas (e.g., far-filed like
scenario), the EFIM can be approximated as

Jp(x) = J0 +
∑

j∈N1

xj

∑

k∈N2

ξkj · ukju
T
kj

where J0 is the FIM for the prior location knowledge of the
agent/target, ξkj and ukj are evaluated at position p̄ = E{p}.

The major difference between Jp and Je is that Jp has
an additional 2 by 2 matrix J0. To transform Pp to P , we
introduce the definition of degenerate networks and the method
of prior knowledge decomposition.

Definition 1 (Degenerate Network): A network with m
transmitting nodes is degenerate if and only if there exist
µ = [µ1 µ2 · · · µm ] ̸= 0 such that

0 =
m∑

j=1

µj

∑

k∈N2

ξkjukju
T
kj

Next lemma shows that if the network does not degenerate,
the prior knowledge can be viewed as localization information
obtained by allocating certain (possible negative) power on the
existing transmitting nodes.

Lemma 3 (Prior Knowledge Decomposition): For a sym-
metric matrix J0 and a network with m transmitting nodes,
if the network is not degenerate and m ≥

(d+1
2

)
, then there

exists a unique vector x0 = [x(1)
0 x(2)

0 · · · x(m)
0 ] such that

J0 =
m∑

j=1

x(j)
0

∑

k∈N2

ξkjukju
T
kj . (16)

Proof: It is a direct result from linear independence.

B. Decision Rule for Using Three Transmitting Nodes

Similar to Section IV, we first consider networks with three
transmitting nodes since at most three transmitting nodes are
active to achieve the optimal localization accuracy. For three-
transmitting-node networks, we denote network parameters

Λe = [ sin2(φ) 1/2 sin 2(φ) cos2(φ) ]T

where φ = [φ11 φ12 · · · φ1n φ21 · · · φ2n φ31 · · · φ3n ].
The following lemma provides an efficient method to check
whether a 2-D network is degenerate.

Lemma 4: In 2-D networks, a three-transmitting-node net-
work with parameters ξkj and φkj , k ∈ {1, 2, 3} and j ∈ N2,
is not degenerate if and only if rank{Λe R} = 3.

Analogous to the case without prior knowledge, we present
a method to check whether all three transmitting nodes are
needed to achieve the optimal localization accuracy. Before
presenting this method, we introduce the following lemma.

Lemma 5: For a network with three transmitting nodes, if
rank{Λe R} = 3, then rank{Λ} = 3.

Proof: Denote c = cos(2φ) and s = sin(2φ). We have

Λe = [1 c s ]

⎛

⎝
1/2 0 1/2
−1/2 0 1/2
0 1/2 0

⎞

⎠

Λ = [1 c s ] [1 − c − s ]T

If rank{Λe R} = 3, then rank{Λe} = 3 and hence 1, c and
s are linear independent. Then there exist invertible matrix P
and Q such that

[1 c s ] = P [ I3 0 ]T

[1 − c − s ] = Q [ I3 0 ]T

where I3 is a 3× 3 identity matrix. Hence, we have

Λ = P

(
I3 0
0 0

)
Q

Therefore, rank{Λ} = 3.

Now we provide the rule to check whether three transmitting
nodes are used for Pp.

Proposition 8: All the optimal solutions for Pp have three
positive elements if and only if

⎧
⎨

⎩

rank{Λe R} = 3
1T (RTΛR)−11 > 0

A(RTΛR)−1(RT1 + c1) ≻ 2c (1 + 1T · x0)x0

(17)

where c and A are given by (28) and (29), and x0 is given by
(16).

Proof: See Appendix E.

If conditions of (17) are not satisfied, at most two transmit-
ting nodes are needed to achieve the minimum SPEB. Next
we present a method to check whether two transmitting nodes
are required for the optimal localization accuracy.

Proposition 9: In a network with three transmitting nodes
(i, j and k), the optimal solution of Pp activates two trans-
mitting nodes i and j if only if there exists x̃ such that

∂ P(x̃)

∂ x̃i
=

∂ P(x̃)

∂ x̃j
>

∂ P(x̃)

∂ x̃k
(18)

x̃i + x̃j = 1 + xi
0 + xj

0 (19)

x̃i > xi
0, x̃j > xj

0, x̃k = xk
0 (20)

Proof: See Appendix E.

Remark 10: Note that by plugging (19) into the equation
in (18), we obtain a quadratic equation of one variable and
can solve it analytically. We only need to check whether the
solution satisfy the inequality in (18) and (20).

O(m3)



Power	  Alloca+on	  Strategy:	  Prior	  Posi+onal	  Knowledge	  

•  For	   problem	   	   	   ,	   though	   we	   can	   apply	   KKT	   condi+ons	   directly	   to	   give	   the	  
op+mal	  strategy,	  the	  process	  is	  difficult	  since	  	  	  	  	  	  	  	  	  	  	  	  	  has	  a	  complex	  structure	  

•  Recall	  performance	  metric:	  

•  Basic	  idea	  
–  Transform	  the	  problem	  to	  the	  case	  without	  prior	  posi+onal	  knowledge	  
–  Decompose	  	  	  	  	  	  	  as	  the	  combina+on	  of	  FIM	  obtained	  by	  three	  transmi[ng	  nodes	  

Pp(x) = tr
�
J

�1
p (x)

 
P(x) = tr

�
J

�1
e (x)

 

Je(x) =
X

j2N1

X

k2N2

⇠kjxj · ukju
T
kj Jp(x) = J0 +

X

j2N1

X

k2N2

⇠kjxj · ukju
T
kj

SPEB	  without	  prior	  posi+onal	  knowledge	   SPEB	  with	  prior	  posi+onal	  knowledge	  

J0

Pp

Pp(x)

Power	  Alloca+on	  Strategy:	  Prior	  Posi+onal	  Knowledge	  

•  Problem	  Transforma+on	  
–  Decomposi+on	  
	  

–  Power	  shie	  	  

	  

e
x = x+ x0

J0 =
X

j=1,2,3

x

(j)
0

X

k2N2

⇠kjukju
T
kj

EFIM	   Jp(x) = J0 +
X

j2N1

X

k2N2

⇠kjxj · ukju
T
kj = Je(ex) =

X

j2N1

X

k2N2

⇠kjexj · ukju
T
kj

Pp : min
{x}

tr
�
J

�1
p (x)

 

s.t. 1

T · x  1
x ⌫ 0

Pp(x) = tr{J�1
p (x)} = tr{J�1

e (ex)} = P(ex) = 4 · 1T
R

e
x

e
x

T
R

T
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e
x

SPEB	  

Problem	  

fPp : min
{ex}

tr
�
J

�1
e (ex)

 

s.t. 1

T · ex  1 + 1

T · x0

e
x ⌫ x0

Same	  Structure	  as	  the	  objec+ve	  of	  	  P



Power	  Alloca+on	  Strategy:	  General	  Networks	  
•  Consider	  a	  network	  with	  	  	  	  	  	  	  transmi[ng	  nodes:	  we	  have	  	  	  	  	  	  	  	  	  	  combina+ons	  
to	  select	  three	  out	  of	  	  	  	  transmi[ng	  nodes.	  	  

•  For	   each	   simple	   network,	   we	   evaluate	   the	   SPEB	   according	   to	   our	   strategy	  
and	  choose	  the	  best	  one	  

	  

	  
	  

•  The	  total	  computa+onal	  complexity	  grows	  as	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  

•  Impact	  of	  sparsity:	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
Compare	  to	  the	  worst-‐case	  complexity	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  [Godrich	  et	  al.,	  2011]	  

m
✓

m

3

◆

m

O(m3)

O(m3)
O(2m)

Combina+on	   SPEB(m^2)	  

A,	  B	  and	  C	   2.1	  

A,	  B	  and	  D	   2.8	  

A,	  C	  and	  D	   1.2	  

B,	  C	  and	  D	   2.8	  
B	  

A	  

C	  

D	  
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•  Conclusion	  



Numerical	  Results	  
•  Illustra+on	  

–  Anchors	  are	  deployed	  on	  ver+ces	  of	  	  
an	  equilateral	  triangle	  

–  The	  op+mal	  strategy	  employs	  anchors	  
•  B	  and	  C	  if	  the	  agent	  is	  in	  region	  I	  	  
•  A	  and	  B	  if	  the	  agent	  is	  in	  region	  II	  	  
•  A	  and	  C	  if	  the	  agent	  is	  in	  region	  III	  	  
•  A,	  B,	  and	  C	  if	  the	  agent	  is	  in	  region	  IV	  

	  

•  Remarks	  
–  Region	   IV	   is	   rela+vely	   small,	   i.e.,	   in	   most	   cases	   only	   two	   anchors	   need	   to	   be	  
ac+vated	  for	  the	  op+mal	  localiza+on	  accuracy	  

–  The	  op+mal	  strategy	  employs	  two	  ac+ve	  anchors	  for	  agents	  in	  “far	  field”	  regions	  
–  In	  prac+ce,	  two	  anchor	  case	  may	  use	  vicinity	  knowledge	  to	  resolve	  ambiguity	  

8

Algorithm 1 Power Allocation Strategy with Individual Power
Constraints

1: Initialization:
2: Set S(0)

1 = ∅ and S(0)
2 = N1. Set i = 1. Solve the

optimization problem P̃
(1)
I .

3: Main loop:
4: repeat

5: for j ∈ S(i−1)
2 do

6: if x(i−1)
j > Pj then

7: S(i)
1 = S(i−1)

1 ∪ {j}, S(i)
2 = S(i−1)

2 \ {k}
8: end if
9: end for

10: i = i+1. Solve the optimization problem P̃
(i)
I , update

solution x(i).
11: until
12: For ∀j ∈ N1, x(i)

j ≤ Pj .

VI. NUMERICAL RESULTS

In this section, we provide numerical results to illustrate
the sparsity of optimal power allocation and evaluate the
localization accuracy achieved by the proposed strategies.

A. Anchor Selection for A Simple Network

We first give an example of anchor selection where the
agent is located at different positions. Three anchors (A, B
and C) are deployed at the vertex of an equilateral triangle,
and the RC is set to be ζk = 1. The plane is divided into four
types of regions, labeled as I, II, III and IV (See Fig 3). The
power allocation strategy that achieves the minimum SPEB
requires different combinations of anchors corresponding to
which region the agent is deployed in. For instance, all three
anchors are selected to allocate power if the agent is in region
IV. We can see that the area of region IV is relatively small,
meaning that in most cases only two anchors are required to
achieve the optimal localization accuracy. We also note that,
if the agent is in the ”far field” region, i.e. it is sufficiently
far away from all the anchors, the optimal strategy for Pnp

requires two active anchors. Furthermore, if the agent lies on
the line formed by two anchors, the anchor farther from the
agent on the line will not be used to achieve the minimum
SPEB. This is intuitive since allocating power to the closer
anchor is more efficient for decreasing the SPEB.

B. Localization Performance Comparison

Next we evaluate the performance of the proposed power
allocation strategies. For WNL, we consider a square region
([−D,D ] × [−D,D ]) over which anchors and agents are
distributed uniformly. The RC ζk is drawn from a Rayleigh
distribution with mean normalized to 1. We compared the
normalized SPEB P = P(x)/D2β . Similarly for RNL, the
target is located at (0, 0) and the antennas are randomly
distributed in the region of ([−D,D ] × [−D,D ]). The RC
ζkj are independently drawn from a Rayleigh distribution with
mean normalized to 1. We compared the normalized SPEB
P = P(x)/D4β .

A

B C

IV

IV

IV

IVIV IV

IV

II

II

II

IIIII

III

III

III

I

I

II

Fig. 3. The optimal strategy for P uses B and C if the agent is in I; uses
A and B if the agent is in II; uses A and C if the agent is in III; and uses A,
B and C if the agent is in IV.
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Fig. 4. SPEB as a function of candidate anchor set cardinality by different
power allocation strategies. Both 1-agent and 2-agent networks are considered.

Figure 4 shows the average SPEB as a function of candidate
anchor set cardinality for different power allocation strategies
of Pnp: the optimal power allocation strategy π∗, the near-
optimal allocation strategy π2, and the uniform allocation
strategy πU.8 We first observe that π2 performs nearly as well
as π∗. In fact, compared to π∗, the average performance loss of
π2 is less than 2%. In addition, it can be observed that both π∗

and π2 outperform πU, reducing the average SPEB by 29.8%
and 33.0% for 1-agent case and 2-agent case, respectively.
Furthermore, the SPEB of all three strategies decrease with
candidate anchor set cardinality. This agrees with our intuition
since more anchors provide more combinations of anchor
choices.

Figure 5 shows the average SPEB as a function of transmit-
ting antenna set cardinality for the optimal allocation strategy

8Uniform allocation strategy allocates power equally among all transmitting
nodes.

•  Strategies:	  uniform	  alloca+on	  strategy	  	  	  	  	  	  ,	  near-‐op+mal	  strategy	  	  	  	  	  (use	  only	  
two	  anchors),	  op+mal	  strategy	  	  

•  SPEB	  decreases	  with	  the	  number	  of	  anchors	  

Wireless	  Network	  Localiza+on	  

9
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Fig. 5. SPEB as a function of candidate transmitting antenna set cardinality
by different power allocation strategies.

π∗ and uniform allocation strategy πU. We observe that π∗

outperforms πU, reducing the average SPEB by more than
20% when there are more than four total transmitting nodes.
Similar to the WNL case, the SPEB decreases with candidate
transmitting antenna set cardinality though the decreasing
trend becomes less obvious when the set cardinality is large.
Another observation is that the SPEB decreases with the
number of receiving antennas. This is reasonable since more
receiving antennas increase the number of receiving signals
and thus decrease SPEB.

We next consider the localization accuracy with prior posi-
tional knowledge. The prior distribution of the agent/target’s
position p = [x y ]T follows Gaussian distribution
N (p0,σ2 I2), where p0 = [ 0 0 ]T, σ is the standard variance
of the x and y. Figure 6 shows the average SPEB as a
function of the number of anchors for π∗ and πU. The optimal
strategy π∗ outperform πU, especially when the number of
candidate anchors is large. Furthermore, we also observe that
as σ decreases, the average SPEB decreases. This is because
smaller σ implies more prior knowledge, hence reduces SPEB
more.

C. Power Allocation with Individual Constraints

Finally, we evaluate the performance of Algorithm 1 for
RNL. The settings for network topology and RC are the same
as the case in Section VI-B with m = 10 and n = 6. In
addition, we set individual power constraints Pj = PT, j =
1, 2, · · · ,m and PT ranges from 0.1 to 0.5. Let γ denote
the ratio of SPEB achieved by the optimal solution and
by Algorithm 1. We present the tail probability P{γ ≥ t}
in Table II. We observe that the SPEB ratio is close to 1
with high probability in all cases, implying that Algorithm
1 is a near-optimal strategy. In addition, the performance of
Algorithm 1 first decreases with PT, then increases with PT.
This agrees with intuition: when PT is relatively large, the
strategy obtained by Algorithm 1 is optimal by Theorem 5;
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Fig. 6. SPEB with Gaussian prior positional knowledge for WNL.

Table II: Tail Probability of SPEB Ratio γ

PT 0.1 0.2 0.3 0.4 0.5
t = 0.95 1.000 1.000 1.000 1.000 1.000
t = 0.97 1.000 1.000 1.000 1.000 1.000
t = 0.99 1.000 0.998 0.992 0.999 1.000
t = 0.999 1.000 0.970 0.937 0.982 1.000

when PT is relatively small, both the optimal strategy and
the strategy obtained by Algorithm 1 become uniform power
allocation, and thus have same performance.

VII. CONCLUSION

In this paper, we investigated power allocation problems for
network localization using algebraic methodology. We showed
the sparsity of optimal power allocation vector and used the
sparsity property to design allocation strategies. In particular,
we first proved that for d-dimensional networks, at most

(d+1
2

)

active transmitting nodes are required to achieve the optimal
localization accuracy. We then proposed the power allocation
strategies for simple networks and extend the results to general
networks based on the sparsity property. For m-transmitting-
node networks, the proposed strategies achieve the optimal
localization accuracy with computation cost O(m3). Our re-
sults not only give the optimal power allocation strategies, but
also provide insights into the network localization as well as
a theoretical basis for future network design and operation.

APPENDIX A
PROOF OF THEOREM 1

We first provide the following lemma.
Lemma 5: For any vectors x ≻ 0 and z ̸= 0 with z ∈

R∥x∥0 , there exists λ1 ∈ R such that x + λ1 z ≽ 0 and ∥x +
λ1 z∥0 < ∥x∥0.

Proof: We consider a mapping f : R → R∥x∥0

f(λ) = x + λ z.

Note that (i) f(0) = x is a vector with all positive elements;
(ii) for sufficiently large M , if λ > M , then either f(λ)

8

Algorithm 1 Power Allocation Strategy with Individual Power
Constraints

1: Initialization:
2: Set S(0)

1 = ∅ and S(0)
2 = N1. Set i = 1. Solve the

optimization problem P̃
(1)
I .

3: Main loop:
4: repeat

5: for j ∈ S(i−1)
2 do

6: if x(i−1)
j > Pj then

7: S(i)
1 = S(i−1)

1 ∪ {j}, S(i)
2 = S(i−1)

2 \ {k}
8: end if
9: end for

10: i = i+1. Solve the optimization problem P̃
(i)
I , update

solution x(i).
11: until
12: For ∀j ∈ N1, x(i)

j ≤ Pj .

VI. NUMERICAL RESULTS

In this section, we provide numerical results to illustrate
the sparsity of optimal power allocation and evaluate the
localization accuracy achieved by the proposed strategies.

A. Anchor Selection for A Simple Network

We first give an example of anchor selection where the
agent is located at different positions. Three anchors (A, B
and C) are deployed at the vertex of an equilateral triangle,
and the RC is set to be ζk = 1. The plane is divided into four
types of regions, labeled as I, II, III and IV (See Fig 3). The
power allocation strategy that achieves the minimum SPEB
requires different combinations of anchors corresponding to
which region the agent is deployed in. For instance, all three
anchors are selected to allocate power if the agent is in region
IV. We can see that the area of region IV is relatively small,
meaning that in most cases only two anchors are required to
achieve the optimal localization accuracy. We also note that,
if the agent is in the ”far field” region, i.e. it is sufficiently
far away from all the anchors, the optimal strategy for Pnp

requires two active anchors. Furthermore, if the agent lies on
the line formed by two anchors, the anchor farther from the
agent on the line will not be used to achieve the minimum
SPEB. This is intuitive since allocating power to the closer
anchor is more efficient for decreasing the SPEB.

B. Localization Performance Comparison

Next we evaluate the performance of the proposed power
allocation strategies. For WNL, we consider a square region
([−D,D ] × [−D,D ]) over which anchors and agents are
distributed uniformly. The RC ζk is drawn from a Rayleigh
distribution with mean normalized to 1. We compared the
normalized SPEB P = P(x)/D2β . Similarly for RNL, the
target is located at (0, 0) and the antennas are randomly
distributed in the region of ([−D,D ] × [−D,D ]). The RC
ζkj are independently drawn from a Rayleigh distribution with
mean normalized to 1. We compared the normalized SPEB
P = P(x)/D4β .

A

B C

IV

IV
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IVIV IV

IV

II

II

II

IIIII

III

III

III

I

I

II

Fig. 3. The optimal strategy for P uses B and C if the agent is in I; uses
A and B if the agent is in II; uses A and C if the agent is in III; and uses A,
B and C if the agent is in IV.
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Fig. 4. SPEB as a function of candidate anchor set cardinality by different
power allocation strategies. Both 1-agent and 2-agent networks are considered.

Figure 4 shows the average SPEB as a function of candidate
anchor set cardinality for different power allocation strategies
of Pnp: the optimal power allocation strategy π∗, the near-
optimal allocation strategy π2, and the uniform allocation
strategy πU.8 We first observe that π2 performs nearly as well
as π∗. In fact, compared to π∗, the average performance loss of
π2 is less than 2%. In addition, it can be observed that both π∗

and π2 outperform πU, reducing the average SPEB by 29.8%
and 33.0% for 1-agent case and 2-agent case, respectively.
Furthermore, the SPEB of all three strategies decrease with
candidate anchor set cardinality. This agrees with our intuition
since more anchors provide more combinations of anchor
choices.

Figure 5 shows the average SPEB as a function of transmit-
ting antenna set cardinality for the optimal allocation strategy

8Uniform allocation strategy allocates power equally among all transmitting
nodes.
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rank{RTΛR} = 3
1T (RTΛR)−11 > 0

(RTΛR)−1(RT1 + c1) ≻ 0

YesNo

YesNo

PAV x∗ is given by

x = A
2c (R

TΛR)−1(RT1 + c1)

There exist x such that

and x1 + x2 = 1

∂ P(x)
∂ x1

= ∂ P(x)
∂ x2

< ∂ P(x)
∂ x3

Only one transmitting

node is used.

x∗ is obtained by solving

a quadratic equation.

Fig. 3. Flowchart of the optimal power allocation strategy
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region relative to the anchors/antennas (e.g., far-filed like
scenario), the EFIM can be approximated as

Jp(x) = J0 +
∑

j∈N1

xj

∑

k∈N2

ξkj · ukju
T
kj

where J0 is the FIM for the prior location knowledge of the
agent/target, ξkj and ukj are evaluated at position p̄ = E{p}.

The major difference between Jp and Je is that Jp has
an additional 2 by 2 matrix J0. To transform Pp to P , we
introduce the definition of degenerate networks and the method
of prior knowledge decomposition.

Definition 1 (Degenerate Network): A network with m
transmitting nodes is degenerate if and only if there exist
µ = [µ1 µ2 · · · µm ] ̸= 0 such that

0 =
m∑

j=1

µj

∑

k∈N2

ξkjukju
T
kj

Next lemma shows that if the network does not degenerate,
the prior knowledge can be viewed as localization information
obtained by allocating certain (possible negative) power on the
existing transmitting nodes.

Lemma 3 (Prior Knowledge Decomposition): For a sym-
metric matrix J0 and a network with m transmitting nodes,
if the network is not degenerate and m ≥

(d+1
2

)
, then there

exists a unique vector x0 = [x(1)
0 x(2)

0 · · · x(m)
0 ] such that

J0 =
m∑

j=1

x(j)
0

∑

k∈N2

ξkjukju
T
kj . (16)

Proof: It is a direct result from linear independence.

B. Decision Rule for Using Three Transmitting Nodes

Similar to Section IV, we first consider networks with three
transmitting nodes since at most three transmitting nodes are
active to achieve the optimal localization accuracy. For three-
transmitting-node networks, we denote network parameters

Λe = [ sin2(φ) 1/2 sin 2(φ) cos2(φ) ]T

where φ = [φ11 φ12 · · · φ1n φ21 · · · φ2n φ31 · · · φ3n ].
The following lemma provides an efficient method to check
whether a 2-D network is degenerate.

Lemma 4: In 2-D networks, a three-transmitting-node net-
work with parameters ξkj and φkj , k ∈ {1, 2, 3} and j ∈ N2,
is not degenerate if and only if rank{Λe R} = 3.

Analogous to the case without prior knowledge, we present
a method to check whether all three transmitting nodes are
needed to achieve the optimal localization accuracy. Before
presenting this method, we introduce the following lemma.

Lemma 5: For a network with three transmitting nodes, if
rank{Λe R} = 3, then rank{Λ} = 3.

Proof: Denote c = cos(2φ) and s = sin(2φ). We have

Λe = [1 c s ]

⎛

⎝
1/2 0 1/2
−1/2 0 1/2
0 1/2 0

⎞

⎠

Λ = [1 c s ] [1 − c − s ]T

If rank{Λe R} = 3, then rank{Λe} = 3 and hence 1, c and
s are linear independent. Then there exist invertible matrix P
and Q such that

[1 c s ] = P [ I3 0 ]T

[1 − c − s ] = Q [ I3 0 ]T

where I3 is a 3× 3 identity matrix. Hence, we have

Λ = P

(
I3 0
0 0

)
Q

Therefore, rank{Λ} = 3.
Now we provide the rule to check whether three transmitting

nodes are used for Pp.
Proposition 8: All the optimal solutions for Pp have three

positive elements if and only if
⎧
⎨

⎩

rank{Λe R} = 3
1T (RTΛR)−11 > 0

A(RTΛR)−1(RT1 + c1) ≻ 2c (1 + 1T · x0)x0

(17)

where c and A are given by (28) and (29), and x0 is given by
(16).

Proof: See Appendix E.
If conditions of (17) are not satisfied, at most two transmit-

ting nodes are needed to achieve the minimum SPEB. Next
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Fig. 5. SPEB as a function of candidate transmitting antenna set cardinality
by different power allocation strategies.

π∗ and uniform allocation strategy πU. We observe that π∗

outperforms πU, reducing the average SPEB by more than
20% when there are more than four total transmitting nodes.
Similar to the WNL case, the SPEB decreases with candidate
transmitting antenna set cardinality though the decreasing
trend becomes less obvious when the set cardinality is large.
Another observation is that the SPEB decreases with the
number of receiving antennas. This is reasonable since more
receiving antennas increase the number of receiving signals
and thus decrease SPEB.

We next consider the localization accuracy with prior posi-
tional knowledge. The prior distribution of the agent/target’s
position p = [x y ]T follows Gaussian distribution
N (p0,σ2 I2), where p0 = [ 0 0 ]T, σ is the standard variance
of the x and y. Figure 6 shows the average SPEB as a
function of the number of anchors for π∗ and πU. The optimal
strategy π∗ outperform πU, especially when the number of
candidate anchors is large. Furthermore, we also observe that
as σ decreases, the average SPEB decreases. This is because
smaller σ implies more prior knowledge, hence reduces SPEB
more.

C. Power Allocation with Individual Constraints

Finally, we evaluate the performance of Algorithm 1 for
RNL. The settings for network topology and RC are the same
as the case in Section VI-B with m = 10 and n = 6. In
addition, we set individual power constraints Pj = PT, j =
1, 2, · · · ,m and PT ranges from 0.1 to 0.5. Let γ denote
the ratio of SPEB achieved by the optimal solution and
by Algorithm 1. We present the tail probability P{γ ≥ t}
in Table II. We observe that the SPEB ratio is close to 1
with high probability in all cases, implying that Algorithm
1 is a near-optimal strategy. In addition, the performance of
Algorithm 1 first decreases with PT, then increases with PT.
This agrees with intuition: when PT is relatively large, the
strategy obtained by Algorithm 1 is optimal by Theorem 5;
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Fig. 6. SPEB with Gaussian prior positional knowledge for WNL.

Table II: Tail Probability of SPEB Ratio γ

PT 0.1 0.2 0.3 0.4 0.5
t = 0.95 1.000 1.000 1.000 1.000 1.000
t = 0.97 1.000 1.000 1.000 1.000 1.000
t = 0.99 1.000 0.998 0.992 0.999 1.000
t = 0.999 1.000 0.970 0.937 0.982 1.000

when PT is relatively small, both the optimal strategy and
the strategy obtained by Algorithm 1 become uniform power
allocation, and thus have same performance.

VII. CONCLUSION

In this paper, we investigated power allocation problems for
network localization using algebraic methodology. We showed
the sparsity of optimal power allocation vector and used the
sparsity property to design allocation strategies. In particular,
we first proved that for d-dimensional networks, at most

(d+1
2

)

active transmitting nodes are required to achieve the optimal
localization accuracy. We then proposed the power allocation
strategies for simple networks and extend the results to general
networks based on the sparsity property. For m-transmitting-
node networks, the proposed strategies achieve the optimal
localization accuracy with computation cost O(m3). Our re-
sults not only give the optimal power allocation strategies, but
also provide insights into the network localization as well as
a theoretical basis for future network design and operation.

APPENDIX A
PROOF OF THEOREM 1

We first provide the following lemma.
Lemma 5: For any vectors x ≻ 0 and z ̸= 0 with z ∈

R∥x∥0 , there exists λ1 ∈ R such that x + λ1 z ≽ 0 and ∥x +
λ1 z∥0 < ∥x∥0.

Proof: We consider a mapping f : R → R∥x∥0

f(λ) = x + λ z.

Note that (i) f(0) = x is a vector with all positive elements;
(ii) for sufficiently large M , if λ > M , then either f(λ)
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Fig. 4. The optimal strategy for P uses B and C if the agent is in I; uses
A and B if the agent is in II; uses A and C if the agent is in III; and uses A,
B and C if the agent is in IV.

is the same as PI except that Pj = ∞. One can verify that
both x∗ and x(1) are the optimal solutions of Panc. However,
there exist only one optimal solution of Panc because P(·) is a
strict convex function. This contradiction shows that x∗

j = Pj .

Then we consider the solution x(2) of P̃
(2)
I . Since Pk ≥ 1/2

for k ∈ N1, we have x(2)
k < Pk for k ̸= j. Hence x(2) is the

optimal solution of PI.

VII. NUMERICAL RESULTS

In this section, we provide numerical results to illustrate
the sparsity of optimal power allocation and evaluate the
localization accuracy achieved by the proposed strategy.

A. Illustration of Anchor Selection

We first give an example of anchor selection where the agent
is located at different positions. We consider an equilateral
triangle and on each vertex an anchor is deployed, labeled
as A, B and C. The RC is set to be ζk = 1. The plane is
divided into four types of regions, labeled as I, II, III and
IV and is illustrated in Fig 4. The power allocation strategy
that minimizes the SPEB requires different combinations of
anchors corresponding to which region the agent is deployed
in. For instance, all three anchors are selected to allocate
power if the agent is in region IV. We can see that the
area of region IV is relatively small, meaning that in most
cases only two anchors are sufficient to achieve the optimal
localization accuracy. We also note that, if the agent is in
the ”far field” region, i.e. it is sufficiently far away from all
the anchors, the optimal strategy for P requires two active
anchors. Furthermore, if the agent lies on the line formed by
two anchors, the anchor farther from the agent on the line will
not be used to achieve the minimum SPEB. This is intuitive
since allocating power to the closer anchor is more efficient
for decreasing the SPEB.
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Fig. 5. SPEB as a function of candidate anchor set cardinality by different
power allocation strategies. Both 1-agent and 2-agent networks are considered.
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Fig. 6. SPEB as a function of candidate transmitting antenna set cardinality
by different power allocation strategies.

B. Localization Performance Comparison

Next we evaluate the performance of the proposed power
allocation strategies. For WNL, we consider a square region
([−D,D ] × [−D,D ]) over which anchors and agents are
distributed uniformly. The RC ζk is drawn from a Rayleigh
distribution with mean normalized to 1. We compared the
normalized SPEB P = P(x)/D2β . Similarly for RNL, the
target is located at (0, 0) and the antennas are randomly
distributed in the region of ([−D,D ] × [−D,D ]). The RC
ζkj are independent drawn from a Rayleigh distribution with
mean normalized to 1. We compared the normalized SPEB
P = P(x)/D4β .

Figure 5 shows the average SPEB as a function of candidate
anchor set cardinality for different power allocation strategies
for P: the optimal allocation strategy π∗, the near-optimal
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Conclusion	  
•  Developed	   an	   analy+cal	   framework	   for	   network	   localiza+on	   which	   unifies	  
WNL	  and	  RNL	  

•  Determined	   the	   sparsity	   property	   of	   network	   localiza+on,	   i.e.,	   in	   a	   	   	   -‐
dimensional	  network,	  at	  most	  	  	  	  	  	  	  	  	  	  	  	  transmi[ng	  nodes	  need	  to	  be	  ac+vated	  
to	  achieve	  the	  op+mal	  localiza+on	  accuracy	  

•  Proposed	  op+mal	  power	  alloca+on	  strategies	  
–  for	  simple	  networks	  with	  three	  transmi[ng	  nodes,	  we	  provided	  the	  closed-‐form	  
expression	  for	  the	  op+mal	  strategy	  

–  for	   general	   networks	   with	   	   	   	   	   	   transmi[ng	   nodes,	   we	   provided	   the	   power	  
alloca+on	  strategy	  with	  computa+on	  complexity	  	  

•  Demonstrated	  that	  
–  The	  op+mal	  strategy	  employs	  two	  ac+ve	  anchors	  for	  agents	  in	  “far	  field”	  regions	  
–  The	   op+mal	   strategy	   outperforms	   the	   uniform	   power	   alloca+on	   strategy	  
significantly	  

–  The	  SPEB	  decreases	  with	  the	  number	  of	  candidate	  transmi[ng	  nodes	  

d✓
d + 1

2

◆

m
O(m3)
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1	  

NETWORK	  EXPERIMENTATIONS	  

Ranging	  
Coopera-ve	  Localiza-on	  
Diversity	  Naviga-on	  

Characteriza-on	  of	  Coopera-ve	  Systems	  
•  It	   requires	  experiments	   specifically	  designed	   	   for	   coopera-ve	  algorithms	  
and	  their	  comparisons	  under	  the	  same	  seBng	  

•  In	   the	   context	   of	   coopera-ve	   loca-on-‐aware	   wireless	   networks,	   two	  
different	  kinds	  of	  measurements	  are	  necessary:	  

	  
–  ranging	   measurements:	   required	   as	   inputs	   for	   range-‐based	   localiza-on	  
algorithms;	  

	  
–  waveforms	  measurements:	  required	  to	  es-mate	  TOA	  and	  detect	  the	   	   	  	  state	  of	  
the	  channel,	  such	  as	  non-‐line-‐of-‐sight	  (NLOS)	  condi-on.	  
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Network	  Experimenta-on	  

Case	  Study	  
The	   methodology	   is	   general	   and	   valid	   for	   others	   kinds	   of	   indoor/outdoor	  
environments	  

	  

The	   equipment	   consisted	   of	   a	   pair	   of	  UWB	  devices	   opera-ng	   3.2−7.4	  GHz	  
(radios	   provide	   samples	   of	   received	   signals	   and	   TOA-‐based	   range	  
measurements,	   es-ma-ng	   the	   TOA	   based	   on	   the	   first	   path	   using	   a	  
thresholding	  technique)	  

1500	  measurements	  per	  pair	  of	  nodes	  
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Ranging	  error	  and	  model	  
Measurements	   to	   characterize	   the	   posi-ve	   bias	   in	   ranging	   errors	   due	   to	  
NLOS	  condi-ons	  and	  ranging	  errors	  in	  LOS	  condi-ons	  

	  

	  

	  

Measurements	  for	  LOS	  and	  NLOS	  
1500	   measurements	   for	   each	   condi-on	   to	  

	   characterize	   the	   posi-ve	   bias	   in	   ranging	  
errors	  due	  to	  NLOS	  and	  in	  LOS	  condi-ons	  

	  
	  
	  
	  
	  	  

ü the	  bias	  appears	  to	  increase	  linearly	  with	  the	  
thickness	  of	  the	  wall	  	  

	  
ü low	  std	   indicates	   that	   the	  es-ma-on	  error	   is	  
dominated	   by	   the	   effects	   of	   excess	   delay	  
rather	   than	  mul-path	  or	  distance-‐dependent	  
noise.	  

	  
	  
	  

range	  
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ranging device ranging device

ranging device ranging device

15cm 30cm
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Measurements	  results	  
To	  derive	  a	  simple	  sta-s-cal	  model	  for	  ranging	  error,	  we	  categorized	  measurements	  in	  
environment	  A	  for	  different	  LOS	  or	  NLOS	  condi-ons	  (#	  of	  walls)	  

Choice	  of	  features	  for	  NLOS	  detec-on	  
• 	  Features	  are	  extracted	  from	  the	  received	  waveform	  v(t)	  observed	  within	  the	  
interval	  T	  under	  a	  par-cular	  channel	  condi-on.	  

• 	  Temporal	  dispersion	  (RMS	  delay	  spread)	  
	  (higher	  for	  NLOS)	  
	   	  	  
	   	   	   	   	   	  mean	  excess	  delay	  

	  
	  
For	  N=1	  is	  like	  comparison	  with	  a	  proper	  threshold	  
	  
	  
• 	  Kurtosis	  
	  

	  (higher	  for	  LOS)	  
	  
For	  N=1	  is	  like	  comparison	  with	  a	  proper	  threshold	  
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Set-‐up	  for	  localiza-on	  tes-ng	  (no	  coop)	  

Set-‐up	  for	  localiza-on	  tes-ng	  (coop)	  
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-‐	  Ranging	  Robustness	  
-‐	  Environment	  Knowledge	  
-‐	  Nodes	  Coopera-on	  
-‐	  Coopera-on	  Criterion	  
-‐	  Algorithm	  

Experimental	  results	  

Experimental	  results:	  LS	  
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Experimental	  results:	  LS	  

Experimental	  results:	  coop.	  LS	  
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Experimental	  results:	  ML	  

ID=01,	  RMSE=	  
ID=02,	  RMSE=	  
ID=03,	  RMSE=	  
ID=04,	  RMSE=	  
ID=05,	  RMSE=	  
ID=06,	  RMSE=	  
ID=07,	  RMSE=	  
ID=08,	  RMSE=	  
ID=09,	  RMSE=	  
ID=10,	  RMSE=	  
ID=11,	  RMSE=	  
ID=12,	  RMSE=	  
ID=13,	  RMSE=	  
ID=14,	  RMSE=	  
ID=15,	  RMSE=	  
ID=16,	  RMSE=	  
ID=17,	  RMSE=	  
ID=18,	  RMSE=	  
ID=19,	  RMSE=	  
ID=20,	  RMSE=	  

xmin	  :=	  1030	  
xmax	  :=	  2200	  
ymin	  :=	  920	  
ymax	  :=	  2190	  
	  
Dx	  :=	  100.	  
Dy	  :=	  100.	  
	  
	  
Values	  in	  cm.	  
	  

beaconprof	  :=	  {1,1,1,1,1}	  
delbias	  :=	  0	  
measiniz	  :=	  200	  
numrealz	  :=	  10	  

48.12	  
104.25	  
165.23	  
79.32	  
57.22	  
28.79	  
92.98	  
50.86	  
38.54	  
56.91	  
36.59	  
52.86	  
41.29	  
38.83	  
68.18	  
16.41	  
21.13	  
125.68	  
119.44	  
45.19	  

RMSE

ID=01,	  RMSE=	  
ID=02,	  RMSE=	  
ID=03,	  RMSE=	  
ID=04,	  RMSE=	  
ID=05,	  RMSE=	  
ID=06,	  RMSE=	  
ID=07,	  RMSE=	  
ID=08,	  RMSE=	  
ID=09,	  RMSE=	  
ID=10,	  RMSE=	  
ID=11,	  RMSE=	  
ID=12,	  RMSE=	  
ID=13,	  RMSE=	  
ID=14,	  RMSE=	  
ID=15,	  RMSE=	  
ID=16,	  RMSE=	  
ID=17,	  RMSE=	  
ID=18,	  RMSE=	  
ID=19,	  RMSE=	  
ID=20,	  RMSE=	  

xmin	  =	  1030	  
xmax	  =	  2200	  
ymin	  =	  920	  
ymax	  =	  2190	  
	  
Dx	  =	  25.	  
Dy	  =	  25.	  
	  
Values	  in	  cm.	  
	  

82.83	  
131.38	  
136.61	  
92.66	  
48.18	  
18.68	  
40.61	  
44.33	  
71.87	  
59.22	  
45.77	  
27.40	  
10.43	  
43.11	  
29.30	  
23.20	  
28.45	  
87.092	  
105.76	  
33.13	  

beaconprof	  :=	  {1,1,1,1,1}	  
delbias	  :=	  0	  
measiniz	  :=	  200	  
numrealz	  :=	  10	  

RMSE

Experimental	  results:	  ML	  
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Experimental	  results:	  	  
ML	  (bias	  removed)	  

ID=01,	  RMSE=	  
ID=02,	  RMSE=	  
ID=03,	  RMSE=	  
ID=04,	  RMSE=	  
ID=05,	  RMSE=	  
ID=06,	  RMSE=	  
ID=07,	  RMSE=	  
ID=08,	  RMSE=	  
ID=09,	  RMSE=	  
ID=10,	  RMSE=	  
ID=11,	  RMSE=	  
ID=12,	  RMSE=	  
ID=13,	  RMSE=	  
ID=14,	  RMSE=	  
ID=15,	  RMSE=	  
ID=16,	  RMSE=	  
ID=17,	  RMSE=	  
ID=18,	  RMSE=	  
ID=19,	  RMSE=	  
ID=20,	  RMSE=	  

xmin	  =	  1030	  
xmax	  =	  2200	  
ymin	  =	  920	  
ymax	  =	  2190	  
	  
Dx	  =	  100.	  
Dy	  =	  100.	  
	  
Values	  in	  cm.	  
	  

beaconprof	  :=	  {1,1,1,1,1}	  
delbias	  :=	  1	  
measiniz	  :=	  200	  
numrealz	  :=	  10	  

145.70	  
110.56	  
66.63	  
20.68	  
93.00	  
28.79	  
41.08	  
52.01	  
68.20	  
73.28	  
64.87	  
79.24	  
41.29	  
38.83	  
72.42	  
16.41	  
85.22	  
80.08	  
22.94	  
62.67	  

RMSE

Experimental	  results:	  	  
Hierarchical	  ML	  

ID=01,	  RMSE=	  
ID=02,	  RMSE=	  
ID=03,	  RMSE=	  
ID=04,	  RMSE=	  
ID=05,	  RMSE=	  
ID=06,	  RMSE=	  
ID=07,	  RMSE=	  
ID=08,	  RMSE=	  
ID=09,	  RMSE=	  
ID=10,	  RMSE=	  
ID=11,	  RMSE=	  
ID=12,	  RMSE=	  
ID=13,	  RMSE=	  
ID=14,	  RMSE=	  
ID=15,	  RMSE=	  
ID=16,	  RMSE=	  
ID=17,	  RMSE=	  
ID=18,	  RMSE=	  
ID=19,	  RMSE=	  
ID=20,	  RMSE=	  

xmin	  =	  1030	  
xmax	  =	  2200	  
ymin	  =	  920	  
ymax	  =	  2190	  
	  
Dx	  =	  200.	  
Dy	  =	  200.	  
	  
Values	  in	  cm.	  
	  

beaconprof	  :=	  {1,1,1,1,1}	  
delbias	  :=	  0	  
measiniz	  :=	  200	  
numrealz	  :=	  10	  

η	  :=	  2	  
Nger	  :=	  4	  
	  

272.62	  
184.41	  
26.64	  
56.20	  
47.85	  
141.66	  
75.97	  
152.61	  
139.49	  
193.53	  
163.06	  
135.06	  
200.38	  
40.77	  
99.53	  
155.79	  
194.17	  
172.14	  
127.35	  
17.87	  

RMSE
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Experimental	  results:	  SPAWN	  coop	  

Some	  lessons	  learned	  

•  A	  priori	   informa-on	  on	  the	  environment	  improves	  the	  posi-on	  
es-mate	  

•  Coopera-on	  helps	  but	  only	  if	  it	  is	  carefully	  exploited	  
	  
•  Localiza-on	   techniques	   to	   be	   used	   are	   related	   to	   the	  
environment	  
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Tracking	  experimenta-on	  
•  Network	  naviga-on	  
•  Measurements	  with	  UWB	  and	  Zigbee	  radios	  
•  Data	  fusion	  
•  Mobility	  models	  

A.	  Con8	  et	  al.,	  “Experimental	  Characteriza8on	  of	  Diversity	  Naviga8on,”	  IEEE	  Systems	  Journal.,	  Mar.	  2014	  
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Position estimation with mobility model using inertial data Es-mated	  trajectory	  

IEEE SYSTEMS JOURNAL 8
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Fig. 9. NEO for UWB, ZigBee, and diversity system; constant speed scenario
is considered.
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Fig. 10. NEO for UWB, ZigBee, and diversity system; variable speed
scenario is considered.
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Fig. 7. NEO for the UWB system; constant speed scenario; three mobility
models: NM, SM, and SL with optimum window size.

TABLE IV
NEO AND eRMS FOR THE BAYESIAN PFS WHEN UWB, ZIGBEE, AND
DIVERSITY SYSTEM ARE EMPLOYED. MODEL SM IS CONSIDERED WITH

CONSTANT SPEED.

Technology PNEO(1m) PNEO(0.5m) eRMS [cm]

UWB-SM 0 0.27 42.12
ZigBee-SM 0.15 0.68 69.00

Diversity system 0 0.22 40.02

We now present results for the ZigBee ranging unit only
and for diversity navigation system fusing UWB, ZigBee, and
inertial measurements. In particular, Fig. 9 and 10 show the
NEO for mobility model SM in the cases of constant and
variable speed, respectively. Note that the diversity solution
with joint use of UWB, ZigBee, and inertial sensors improves
the performance, especially in the case of variable speed.
The diversity system captures the benefits of both single
technologies, especially in the case of constant speed where
the ZigBee measurements are inaccurate. Table IV and Table
V report the NEO and navigation RMSE; as example in the
case of variable speed the joint usage of the three sensing
technologies ameliorate the navigation RMSE of about 20%
respect to the UWB or ZigBee system alone. Figure 11
and Table VI illustrate the diversity system and the mobility
models NM and SL when both UWB and ZigBee technologies
are employed. Results show how diversity schemes lead to a
larger performance improvement in terms of both eRMS and
NEO. An example of estimated trajectory with the diversity
navigation system is given in Fig. 12 for the case of variable
speed.

VII. CONCLUSION
Diversity navigation systems enable new applications that

require high-accuracy localization of mobile nodes even in
harsh environments. We have characterized a diversity naviga-
tion system based on measurements from multiple sensor tech-
nologies under a common setting. The navigation performance
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Fig. 8. NEO for the UWB system; variable speed scenario; three mobility
models: NM, SM, and SL with optimum window size.

TABLE V
NEO AND eRMS FOR THE BAYESIAN PFS WHEN UWB, ZIGBEE, AND
DIVERSITY SYSTEM ARE EMPLOYED. MODEL SM IS CONSIDERED WITH

VARIABLE SPEED.

Technology PNEO(1m) PNEO(0.5m) eRMS [cm]

UWB-SM 0 0.07 29.01
ZigBee-SM 0 0.06 30.00

Diversity system 0 0.02 24.12

TABLE VI
NEO AND eRMS FOR THE BAYESIAN PFS WHEN UWB AND ZIGBEE
TECHNOLOGIES ARE EMPLOYED. MODELS NM, SL, AND SM ARE

CONSIDERED WITH VARIABLE SPEED.

Technology PNEO(1m) PNEO(0.5m) eRMS [cm]

UWB, ZigBee-NM 0.01 0.17 41.16
UWB, ZigBee-SL 0 0.07 30.62
Diversity system 0 0.02 24.12

of Bayesian particle filtering of measurements from UWB,
ZigBee, and inertial sensors has been determined in terms of
navigation error and navigation error outage. Various mobility
and perception models have been used in Bayesian filtering
with parameters determined from measurements. Our results
shown that the diversity solution can improve the navigation
accuracy, especially with variable speed. Experimental results
provide insights on how and when mobility information can
be harnessed to ameliorate the navigation performance.
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SENSOR	  RADAR	  NETWORKS	  
	  	  

Passive	  localiza-on	  
•  Ranging	  based	  on	  backsca4ered	  signals	  
•  Sensor	   radar	   networks	   (network	   of	   monosta-c	   or	   bista-c	  
radars)	  
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Bista-c	  radar	  coverage	  limits	  
•  To detect the target the echo must be resolvable with respect to the direct 

pulse, i.e., the two pulses are separated by at least a delay γ (minimum 
resolvable delay) 

Blind zone 

γ

t 

resolvable Non-resolvable 

There	  is	  a	  minimum	  ellipse	  where	  a	  target	  inside	  	  
is	  invisible	  to	  the	  bista-c	  pair.	  	  

<0 Undetectable 
>0 Detectable 

Bista-c	  radar	  coverage	  limits	  
•  Received power from the target 

 
•  Receiver sensitivity requirement: 

There	  is	  a	  maximum	  oval	  where	  a	  target	  outside	  	  
is	  invisible	  to	  the	  bista-c	  pair	  due	  to	  receiver	  sensi-vity.	  	  

RCS IEEE 802.15.4a 

Pr � Prth ) l1l2  (l1l2)th

Equi-‐power	  posi-ons	  are	  the	  locus	  of	  points	  whose	  product	  of	  the	  distances	  from	  the	  TX	  node	  and	  
the	  RX	  node	  l1	  l2	  is	  constant	  (e.g.,	  Cassini	  oval	  in	  free-‐space	  β=2)	  
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UWB	  sensor	  radar	  networks	  	  
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•  Network	  of	  monosta-c	  or	  bista-c	  sensor	  radars	  
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Obstructed	  line	  of	  sight	  condi-ons	  (OLOS)	  
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Ranging	  and	  tracking	  
•  Energy	  detec-on	  based	  TOA	  es-ma-on	  
•  Tracking	  via	  par-cle	  filtering	  
•  Mobility	  models	  

– Speed	  known	  direc-on	  unknown	  

	  
	  
– Speed	  direc-on	  learning	  
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Case	  study	  on	  sensor	  radars	  

Monosta-c	  WSR	  

� = 2

Prth = �95 dBm

St(f) = �42dBm/MHz

fL = 3.1GHzEuropean	  lower	  band	  

fU = 4.8GHz

Tint = 4ns

Tg = 120ns

A = �7.39

B = �0.0875

�(L)
dB = 0.8dB

�(H)
dB = 17dB

�SNR = �5, 0, 5, 10dB

Numerical	  sesults	  

  

eRMS = 1.2m eRMS = 0.35m
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S.	  Bartole-	  et	  al.,	  “Sensor	  Radar	  Networks	  for	  Indoor	  Tracking,”	  IEEE	  Wireless	  Commun.	  LeDers,	  Feb.	  2014	  
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Numerical	  results	  
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SEMIPASSIVE	  TAGS	  
	  	  

From	  RFID	  to	  RADIAL	  
•  Radio-‐frequency	   iden8fica8on	   (RFID)	  of	  objects	   in	   real-‐8me	  enables	  new	  
important	   applica8ons	   (e.g.,	   logis8c,	   automo8ve,	   surveillance,	   and	  
automa8on)	  

•  Such	   applica8ons	   require	   also	   high-‐accuracy	   localiza8on/tracking	  
capability	  even	  in	  harsh	  propaga8on	  environments	  

radio	  detec8on,	  iden8fica8on,	  and	  localiza8on	  

Who?	  
Where?	  

New	  RFID	  Com	  

Loc	  
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BackscaQering	  modula8on	  

TAG

READER Z Lstructural mode scattering

antenna mode scattering

backscatter signal (clutter)

(depends on Z   )L

scatter

•  The	  backscaQering	  modula8on	  is	  obtained	  by	  changing	  the	  tag’s	  antenna	  
load	   according	   to	   the	   informa8on	   to	   be	   transmiQed,	   e.g.	   iden8fier	   (+	  
payload).	  	  

ZL = 0

ZL = 1
ZL = Z⇤

A

Antenna	  backscaQering	  
•  It	  is	  essen8al	  to	  model	  antenna	  backscaQering	  characteris8cs	  

•  Structural	  mode	  
–  Reflec8on	   of	   e.m.	   waves	   depending	   on	   antenna’s	   shape	   and	   material,	  
independently	  of	  the	  load	  

•  Antenna	  mode	  
–  Reflec8on	  of	  e.m.	  waves	  depending	  on	   the	   load	  à	  data	  can	  be	  sent	  back	   to	  
the	   reader	   through	   varia8ons	   of	   ZL,	   without	   requiring	   a	   dedicated	   power	  
source	  
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Order	  of	  Arrival	  Es8m.	  via	  UHF-‐UWB	  RFID	  

•  Conveyor	  belt	  
•  Reader	  network	  
•  Monitored	  area	  
•  Objects	  with	  mul8ple	  tags	  

Relaying	  
•  Poor	   coverage	   calls	   for	   higher	   transmiQed	   power	   or/and	   relaying,	  
especially	  in	  the	  presence	  of	  obstacles	  

x [m]

y
 [

m
]

anchor 4

relay 4

relay 3

anchor 3anchor 2

relay 2

relay 1

anchor 1

Figure 5.4: Scenario considered in the simulation results. Blue points refer to anchors.
Red points refer to relays. Antennas’ radiation patterns and orientation are reported.
Obstacles are depicted in grey.

radiation patterns and orientations adopted, respectively, for anchors and
relays are also depicted.

An IEEE 802.15.4a compliant UWB transmitted signal is considered
[113], with RRC pulses8 centered at frequency fc = 4GHz, roll-off factor
ν = 0.6, and a pulse width parameter Tw = 1ns. Tags are supposed to
be equipped with an omnidirectional antenna with gain GT = 0dBi, and
with transmitting power compliant to the Federal Communications Commis-
sion (FCC) −41.3 dBm/MHz emission limit in the 3−5GHz band. Real
UWB antennas are considered, with radiation patterns characterized in ane-
choic chamber. Antennas have been measured in a range of frequencies be-
tween 2.5 and 10.5 GHz.9 Furthermore, antennas have been measured on one
plane by steps of 5 degrees. A Vivaldi UWB antenna presenting a peak gain

8See (3.63) for the definition.
9Frequency selectivity is here neglected considering the radiation pattern at 4 GHz

only.

128

N.	  Decarli	  et	  al.,	  “Non-‐Regenera4ve	  Relaying	  for	  Network	  Localiza4on,”	  IEEE	  Trans.	  on	  Wireless	  Commun.,	  Jan.	  
2014	  
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Relaying	  
•  Poor	   coverage	   calls	   for	   higher	   transmiQed	   power	   or/and	   relaying,	  
especially	  in	  the	  presence	  of	  obstacles	  
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Figure 5.7: RMSE contour map in the 2D environment.

several meters can occur due to the lack of anchors visibility. Differently, the
adoption of non-regenerative AF relays allows extending the system coverage
in the shadowed areas, ensuring enhanced localization performance.

The performance improvement can be shown also in terms of c.d.f. of the
localization error. Figure 5.8 shows the results considering absence of relays
(in dashed lines) as well as presence of JF relays (in continuous lines), and AF
relays with G=10 dB (in dot-dashed lines) for the softer multipath channel.
Again, the adoption of relaying assures a benefit in terms of the number of
spatial points that can be localized with a target location accuracy without
ambiguity.

The presented results proved the effectiveness of the relaying technique
for network localization. In the proposed configuration the adoption of both
JF and AF produce important benefits.

5.5 Conclusion

The idea of UWB non-regenerative relays for network localization has been
introduced as a low complexity solution to increase the service coverage in
high-definition RTLS based on UWB technique when operating in severe
NLOS propagation conditions. The adoption of JF or AF relays increases the
number of received signal components that, thanks to the a priori knowledge
of relay positions, contribute in decreasing the possibility of ambiguities in
ML estimators. Thus the relays act as additional virtual anchors. Numerical
results show that significant performance improvement can be achieved, even
using simple passive JF relays, with respect to the absence of relays. UWB
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Green	  tags	  
•  Next	   fron8er	   is	   to	   design	   a	   green	   tag	   (>80%	   of	   the	   tag	   on	   organic	  
materials)	  

GRETA 

Ministero dell'Istruzione dell'Università e della Ricerca
progettuali e implementativi riassumibili nel sintagma anglosassone: “green electronics”.
Per contemperare le esigenze di massima validità generale del risultato atteso con quelle di definizione precisa di specifiche funzionali e prestazionali necessarie per lo
sviluppo del dimostratore, sarà individuato un ambito applicativo ampio, ma specifico, fra quelli indicati in Horizon 2020.

Con  riferimento  alle  figure 1 e 2, il sistema previsto fa uso di un'infrastruttura costituita da nodi radio cooperativi (reader), mediante i quali oggetti/persone muniti di
tag  possono  essere  identificati  e  tracciati  in  tempo  reale  con  precisione sub-metrica. Tali tag, interamente progettati e realizzati all'interno del progetto,
saranno  a  basso  costo  ed  eco-compatibili  (green  tag).  Uno  schema  sistemico  di  questo  tipo  è  riferito  in  letteratura  con il termine networked green RFID -
NG-RFID.  Al  fine  di  fornire  informazione sugli oggetti del monitoraggio (grandezze fisiche, dati biomedici) è prevista la connessione dei tag stessi con i sensori in
grado  di  rilevare  tale  informazione  privilegiando  soluzioni  tese  alla  massima  integrazione  dell'elettronica di comunicazione del tag con i trasduttori stessi (RFID
sensors).

Dal  punto  di vista tecnologico, il sistema ipotizzato associa a soluzioni concettualmente note, quali l'identificazione a radio frequenza (RFID), tecniche innovative di
localizzazione a banda ultra larga (UWB), tecnologie realizzative basate su materiali riciclabili (carta in primis) e tecniche di raccolta energetica (energy harvesting) al
fine di realizzare un efficace, efficiente ed eco-compatibile sistema di monitoraggio e localizzazione in tempo reale.

Dal   punto   di   vista   metodologico,  il  programma  intende  raggiungere  l'obiettivo  dichiarato  mediante  la  reale  cooperazione  tra  molteplici  attività  di  ricerca
interdisciplinari   come  algoritmi  avanzati  di  comunicazione  e  localizzazione  UWB  per  tag  passivi  (privi  di  batteria  a  bordo)  basati  sulla  modulazione  in
backscattering, metodi efficienti per la caratterizzazione dei fenomeni elettromagnetici (EM) di base legati all'utilizzo della tecnologia UWB, sperimentazione di
materiali  riciclabili  come  substrati  di  riferimento per la realizzazione di componenti e antenne a microonde, sviluppo di sistemi di “energy di harvesting” e infine
integrazione di sensori all'interno dei tag.

I  consumi  estremamente  ridotti  dei  componenti  e  delle  tecniche  di  comunicazione  backscatter  UWB,  quindi compatibili con le tecniche di accumulo di energia
dall'ambiente,  i  materiali  riciclabili  e  l'integrazione con i sensori permettono il dispiego di un'intelligenza distribuita a basso consumo (zero power smart tags) con
ambiti applicativi di notevole interesse socio economico, quali la sensoristica per il monitoraggio ambientale, la logistica, la domotica, la sicurezza sul posto di lavoro,
eHealth. Tematiche queste tutte evidenziate nel capitolo “better society” di Horizon 2020.

Figura 1: Architettura del sistema NG-RFID proposto

Figura 2: Architettura del tag
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Green	  tags	  
•  Substrate	  integrated	  wave	  technology	  
•  Energy	  harves8ng	  
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